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ARTICLE INFO ABSTRACT
Keywords: Active Willis media with asymmetric coupling offer a powerful platform for realizing nonrecipro-
Active willis medium cal and non-Hermitian wave phenomena. However, existing homogenization theories are predom-

Dynamic homogenization

inantly formulated for passive systems and are inadequate for capturing the complex dynamics of
Non-hermiticity

active media. In this work, we present a dynamic Willis homogenization framework tailored for

Nonlocalit; . . Lo . N
Nonrecipré’ci ty elastic metabeams embedded with periodically distributed active scatterers. These scatterers are
Topology implemented using piezoelectric sensor-actuator pairs connected through programmable feedfor-

ward control, enabling tunable, direction-dependent interactions. By leveraging a source-driven
homogenization approach, we derive a nonlocal, non-Hermitian effective Willis model that rig-
orously incorporates both frequency and spatial dispersion across the entire Brillouin zone. The
model is validated through full-scale numerical simulations, demonstrating accurate reproduc-
tion of both the real and imaginary components of dispersion relations under various control
configurations. The framework captures a range of hallmark non-Hermitian behaviors, including
low-frequency shear-enhanced flexural modes, strong nonreciprocity, and skin modes arising un-
der open boundary conditions. This study could provide a solid foundation for the design and
dynamic control of non-Hermitian active metamaterials

1. Introduction

Willis media are generalized elastic continua characterized by couplings between momentum and strain, as well as stress and
velocity-extending beyond the framework of classical elasticity theory (Willis, 1981, 1997). These couplings, which arise from sym-
metry breaking at the microscale, motivate the development of various homogenization approaches. Among them are Green’s function
and field averaging techniques (Willis, 2009, 2011, 2012; Milton and Willis, 2010; Nemat-Nasser and Srivastava, 2011; Shuvalov et al.,
2011; Norris et al., 2012; Srivastava, 2015; Nassar et al., 2015), source-driven homogenization (Sieck et al., 2017; Li et al., 2024),
asymptotic expansions (Nassar et al., 2016), perturbative methods (Qu et al., 2022; Milton, 2007), and modal subspace projections
(Ponge et al., 2017; Pernas-Salomén and Shmuel, 2018). These frameworks extend to applications in acoustics (Muhlestein et al., 2017;
Li et al., 2022, 2024) and piezoelectric media (Pernas-Salomén and Shmuel, 2020b; Pernas-Salomén et al., 2021; Pernas-Salomén
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$\mathbf {u}_{\text {loc}}$


$\mathbf {Q}_0 = \boldsymbol {\beta } \mathbf {u}_{\text {loc}}$


$\rho $


$E$


$G$


$\kappa $


$\gamma $


$\psi $


$w$


\begin {equation}\label {strain} \begin {aligned} \kappa &= \partial _x \psi + p, \\ \gamma &= \partial _x w - \psi + s, \end {aligned}\end {equation}


$p$


$s$


$\mu $


$J$


\begin {equation}\label {eom} \begin {array}{l} \partial _t \mu = \partial _x F - f, \\ \partial _t J = \partial _x M + F - q, \\ \end {array}\end {equation}


$F$


$M$


$f$


$q$


\begin {equation}\label {constitutive_timo} \left [\begin {array}{l} \kappa \\ \gamma \\ \mu \\ J \end {array}\right ]=\left [\begin {array}{cccc} 1/D_0 & 0 & 0 & 0 \\ 0 & 1/G_0 & 0 & 0 \\ 0 & 0 & \rho _0 & 0 \\ 0 & 0 & 0 & I_0 \end {array}\right ]\left [\begin {array}{c} M \\ F \\ \partial _t{w} \\ \partial _t{\psi } \end {array}\right ],\end {equation}


$D_0$


$G_0$


$I_0$


$\rho _0$


$D_0 = EI$


$G_0 = k_s A G$


$I_0 = \rho I$


$\rho _0 = \rho A$


$A$


$k_s$


$5/6$


$I$


$\rho $


$e^{i(kx-\omega t)}$


\begin {equation}\label {mat_timo_eq} \boldsymbol {\zeta }(\omega ,k) \mathbf {u} = \mathbf {Q},\end {equation}


\begin {equation}\label {zeta_def1} \boldsymbol {\zeta } = \left [\begin {array}{cccc} 1/D_0 & 0 & 0 & -i k \\ 0 & 1/G_0 & -i k & 1 \\ 0 & i k & \omega ^2 \rho _0 & 0 \\ i k & 1 & 0 & \omega ^2 I_0 \end {array}\right ] , \quad \mathbf {u}= \left [\begin {array}{l} M \\ F \\ w \\ \psi \end {array}\right ], \quad \mathbf {Q}=\left [\begin {array}{l} p \\ s \\ f \\ q \end {array}\right ],\end {equation}


$\boldsymbol {\zeta }$


$\mathbf {u}$


$\mathbf {Q}$


$\boldsymbol {\zeta }$


\begin {equation}\label {zeta_sym} \boldsymbol {\zeta }(\omega ,k) = \boldsymbol {\zeta }^*(-\omega ,-k), \quad \boldsymbol {\zeta }(\omega ,k) = \boldsymbol {\zeta }^T(-\omega ,-k), \quad \boldsymbol {\zeta }(\omega ,k) = \boldsymbol {\zeta }(-\omega ,k).\end {equation}


\begin {equation}\label {ext_eq} \boldsymbol {\zeta } \mathbf {u}_{\text {h}} = \mathbf {Q}_{\text {ext}},\end {equation}


$\mathbf {u}_\text {h}$


$\mathbf {Q}_\text {ext}$


$\mathbf {u}_{\text {loc}}$


$\mathbf {Q}_0$


\begin {equation}\label {loc_eq} \mathbf {Q}_0 = \boldsymbol {\beta }(\omega ) \mathbf {u}_{\text {loc}},\end {equation}


$\boldsymbol {\beta }(\omega )$


$\beta _{ij}$


$i$


$Q_0^i$


$j$


$u_{\text {loc}}^j$


$\beta _{11}$


$p$


$M_{\text {loc}}$


$\beta _{21}$


$s$


$\boldsymbol {\beta }(\omega )$


$x$


$\mathbf {Q}(x') = \delta (x' - nL) \mathbf {Q}_n$


$x' = nL$


\begin {equation}\mathbf {u}(x) = \mathbf {G}(\omega , x - nL) \mathbf {Q}_n. \label {Xeqn9-9}\end {equation}


$\mathbf {G}$


$\mathbf {Q}_n$


\begin {equation}\label {bloch} \mathbf {Q}_n=e^{i k n L} \mathbf {Q}_0,\end {equation}


$\mathbf {u}_{\text {loc}}$


$x = 0$


$\mathbf {u}_{\text {h}}$


\begin {equation}\label {meso_eq} \mathbf {u}_{\text {loc}}=\mathbf {u}_{\text {h}} + \sum _{n \in \mathbb {Z}}\mathbf {G}(\omega ,0 - nL) \mathbf {Q}_n= \mathbf {u}_{\text {h}} + \tilde {\mathbf {S}}(\omega ,k) \mathbf {Q}_0,\end {equation}


\begin {equation}\label {S_mat} \tilde {\mathbf {S}}(\omega ,k) = \sum _{n \in \mathbb {Z}} \mathbf {G}(\omega ,0 - n L) e^{i k n L}.\end {equation}


\begin {equation}\label {symm_GRk} \mathbf {G}(\omega , k) = \mathbf {G}^*(-\omega , -k), \quad \mathbf {G}(\omega , k) = \mathbf {G}^T(-\omega , -k), \quad \mathbf {G}(\omega , k) = \mathbf {G}(-\omega , k).\end {equation}


$\tilde {\mathbf {S}}$


\begin {equation}\label {S_sym} \tilde {\mathbf {S}}(\omega ,k) = \tilde {\mathbf {S}}^*(-\omega ,-k), \quad \tilde {\mathbf {S}}(\omega ,k) = \tilde {\mathbf {S}}^T(-\omega ,-k), \quad \tilde {\mathbf {S}}(\omega ,k) = \tilde {\mathbf {S}}(-\omega ,k).\end {equation}


$\mathbf {Q}_n$


\begin {equation}\label {total_loc} \begin {aligned} \tilde {\mathbf {S}}(\omega ,k) =& \sum _{n \in \mathbb {Z}} \left [ \mathbf {R}_1(-nL) \mathbf {B}_{\mathbf {1}}(-n L)^T e^{-i|n L| k_1} e^{i k n L} + \mathbf {R}_2(-nL) \mathbf {B}_2(-n L)^T e^{-|n L| k_2} e^{i k n L} \right ] \\ =& \mathbf {R}_1(1) \mathbf {B}_1(1)^T \left ( \frac {e^{-i L\left (k_1+k\right )}}{1-e^{-i L\left (k_1+k\right )}} + \frac {1}{2} \right ) +\mathbf {R}_1(-1)\mathbf {B}_1(-1)^T \left ( \frac {e^{i L\left (k-k_1\right )}}{1-e^{i L\left (k-k_1\right )}} + \frac {1}{2} \right )\\ & +\mathbf {R}_2(1) \mathbf {B}_2(1)^T \left ( \frac {e^{-L\left (k_2+i k\right )}}{1-e^{-L\left (k_2+i k\right )}} + \frac {1}{2} \right ) +\mathbf {R}_2(-1) \mathbf {B}_2(-1)^T \left ( \frac {e^{L\left (i k-k_2\right )}}{1-e^{L\left (i k-k_2\right )}} + \frac {1}{2} \right ), \end {aligned}\end {equation}


$\mathbf {R}_1(x)$


$\mathbf {R}_2(x)$


$\mathbf {B}_1(x)$


$\mathbf {B}_2(x)$


$x$


$\mathbf {Q}_{\text {eff}}$


\begin {equation}\label {eff_eq} \boldsymbol {\zeta } \mathbf {u}_{\text {eff}} + \mathbf {Q}_{\text {eff}} = \mathbf {Q}_{\text {ext}}.\end {equation}


$\mathbf {u}_{\text {eff}}$


$\mathbf {u}_{\text {eff}}$


$\mathbf {Q}_{\text {eff}}$


$\mathbf {Q}_{\text {eff}}$


$\mathbf {Q}_{0}$


$x = 0$


\begin {equation}\label {eff3} \mathbf {Q}_{\text {eff}} = \frac {1}{l} \int _{-l/2}^{l/2} \delta (x) \mathbf {Q}_{0} \, dx = \frac {\mathbf {Q}_{0}}{l},\end {equation}


$l$


$\mathbf {Q}_{\text {eff}}$


$\mathbf {Q}_0$


$\mathbf {Q}_0(x)$


$\mathbf {C}(\omega ,k) \neq \mathbf {C}^T(-\omega ,-k)$


$\boldsymbol {\rho }(\omega ,k) \neq \boldsymbol {\rho }^T(-\omega ,-k)$


$\mathbf {B}(\omega ,k) \neq -\mathbf {D}^T(-\omega ,-k)$


$V_{a1} = H_1(\omega )V_s$


$V_{a2} = H_2(\omega )V_s$


$V_s$


$H_1(\omega )$


$H_2(\omega )$


$V_+ = (V_{a1}+V_{a2})/2$


$V_- = (V_{a1}-V_{a2})/2$


$L$


$H_1(\omega ) = H_2(\omega ) = 0.05$


$S_{11}$


$H_1(\omega ) = -H_2(\omega ) = 0.3$


$S_{21}$


$S_{21}$


$S_{21}$


$|\gamma _{\text {eff}}| / |\psi _{\text {eff}}|$


$H_1 = -H_2 = 1$


$\Delta $


$k$


$\omega $


$k_1$


$k_4$


$|\bar {\Delta }|$


$H_1 = -H_2 = 0.3$


$\nu = -1$


$\mathrm {Im}(k)$


$H_1 = -H_2 = 0$


$\nu = 0$


$H_1 = -H_2 = -0.3$


$\nu = 1$


$H_1(\omega ) = -H_2(\omega ) = 1$


$H_1(\omega ) = -H_2(\omega ) = 1$


\begin {equation}\label {disp_rel} \text {det}(\mathbf {H}) = 0.\end {equation}


\begin {equation}\label {obc_spectrum} \begin {array}{c} \left |\mathbf {H}(\omega ,k)\right | = 0,\\ {\rm Im}\left (k_2(\omega )\right )={\rm Im}\left (k_3(\omega )\right ). \end {array}\end {equation}


\begin {equation}\label {TF_local} H_1(\omega ) = -H_2(\omega ) = \frac {0.3\omega _0^2}{\omega ^2 - \omega _0^2},\end {equation}


\begin {equation}\label {eff_constitutive} \mathbf {Q}_{\text {eff}} = \mathbf {K} \mathbf {u}_{\text {eff}},\end {equation}


$\mathbf {K}$


\begin {equation}\label {K_eff_eq} \mathbf {K} = \left [l\mathbf {I} - l\boldsymbol {\beta } \tilde {\mathbf {S}} - \boldsymbol {\beta } \boldsymbol {\zeta }^{-1} \right ]^{-1} \boldsymbol {\beta }.\end {equation}


$\boldsymbol {\beta }$


\begin {equation}\label {K_eff_eq1} \mathbf {K} = \left [l\boldsymbol {\beta }^{-1} - l \tilde {\mathbf {S}} - \boldsymbol {\zeta }^{-1} \right ]^{-1}.\end {equation}


$\mathbf {K}(\omega , k)$


$K_{ij}$


$Q_{\text {eff}}^i$


$u_{\text {eff}}^j$


$K_{11}$


$p_{\text {eff}}$


$M_{\text {eff}}$


$K_{21}$


$s_{\text {eff}}$


$K_{ij}$


$\beta _{ij}$


$K_{ij}$


$\beta _{ij}$


$\mathbf {K}(\omega , k)$


$\boldsymbol {\beta }(\omega )$


$\boldsymbol {\beta }(\omega )$


\begin {equation}\label {beta_sym1} \boldsymbol {\beta }(\omega ) \neq \boldsymbol {\beta }^T(-\omega ),\end {equation}


\begin {equation}\boldsymbol {\beta }(\omega ) = \boldsymbol {\beta }^*(-\omega ), \quad \boldsymbol {\beta }(\omega ) = \boldsymbol {\beta }(-\omega ). \label {Xeqn21-21}\end {equation}


$\boldsymbol {\zeta }(\omega ,k)$


$\tilde {\mathbf {S}}(\omega ,k)$


$\mathbf {K}(\omega , k)$


\begin {equation}\label {K_sym} \mathbf {K}(\omega ,k) = \mathbf {K}^*(-\omega ,-k), \quad \mathbf {K}(\omega ,k) \neq \mathbf {K}^T(-\omega ,-k), \quad \mathbf {K}(\omega ,k) = \mathbf {K}(-\omega ,k),\end {equation}


\begin {equation}\label {eff_constitutive1} \left [\begin {array}{l} \kappa _{\rm eff} \\ \gamma _{\rm eff} \\ \mu _{\rm eff} \\ J_{\rm eff} \end {array}\right ]=\left [\begin {array}{cccc} 1/D_0 + K_{11} & K_{12} & K_{13}/(-i\omega ) & K_{14}/(-i\omega ) \\ K_{21} & 1/G_0 + K_{22} & K_{23}/(-i\omega ) & K_{24}/(-i\omega ) \\ K_{31}/(-i\omega ) & K_{32}/(-i\omega ) & \rho _0 + K_{33}/(-\omega ^2) & K_{34}/(-\omega ^2) \\ K_{41}/(-i\omega ) & K_{42}/(-i\omega ) & K_{43}/(-\omega ^2) & I_0 + K_{44}/(-\omega ^2) \end {array}\right ]\left [\begin {array}{c} M_{\rm eff} \\ F_{\rm eff} \\ v_{\rm eff} \\ \varphi _{\rm eff} \end {array}\right ],\end {equation}


$v_{\rm eff}$


$\varphi _{\rm eff}$


$v_{\rm eff} = \dot {w}_{\rm eff}$


$\varphi _{\rm eff} = \dot {\psi }_{\rm eff}$


$v_{\rm eff} = -i\omega w_{\rm eff}$


$\varphi _{\rm eff} = -i\omega \psi _{\rm eff}$


$\boldsymbol {\beta }=\mathbf {0}$


$\mathbf {K}$


\begin {equation}\label {eff_constitutive2} \left [\begin {array}{cc} \boldsymbol {\varepsilon } \\ \mathbf {p} \end {array}\right ] = \left [\begin {array}{cc} \mathbf {S} & \mathbf {B} \\ \mathbf {D} & \boldsymbol {\rho } \end {array}\right ] \left [\begin {array}{cc} \boldsymbol {\sigma }\\ \mathbf {v} \end {array}\right ]\end {equation}


\begin {equation}\boldsymbol {\varepsilon } = \left [\begin {array}{cc} \kappa _{\rm eff} \\ \gamma _{\rm eff} \\ \end {array}\right ], \, \mathbf {p} = \left [\begin {array}{cc} \mu _{\rm eff} \\ J_{\rm eff} \end {array}\right ], \, \boldsymbol {\sigma } = \left [\begin {array}{cc} M_{\rm eff} \\ F_{\rm eff} \\ \end {array}\right ], \, \mathbf {v} = \left [\begin {array}{cc} v_{\rm eff} \\ \varphi _{\rm eff} \end {array}\right ], \label {Xeqn25-25}\end {equation}


\begin {equation}\begin {aligned} & \mathbf {S} = \left [\begin {array}{cc} -1/D_0 + K_{11} & K_{12} \\ K_{21} & 1/G_0 + K_{22} \end {array}\right ], \quad & & \mathbf {B} = \left [\begin {array}{cc} K_{13}/(-i\omega ) & K_{14}/(-i\omega ) \\ K_{23}/(-i\omega ) & K_{24}/(-i\omega ) \end {array}\right ], \quad \\ & \mathbf {D} = \left [\begin {array}{cc} K_{31}/(-i\omega ) & K_{32}/(-i\omega ) \\ K_{33}/(-i\omega ) & K_{34}/(-i\omega ) \end {array}\right ], \quad & & \boldsymbol {\rho } = \left [\begin {array}{cc} \rho _0 + K_{33}/(-\omega ^2) & K_{34}/(-\omega ^2) \\ K_{43}/(-\omega ^2) & I_0 + K_{44}/(-\omega ^2) \end {array}\right ]. \end {aligned} \label {Xeqn26-26}\end {equation}


$\mathbf {S}$


$\boldsymbol {\rho }$


$\mathbf {B}$


$\mathbf {D}$


$\gamma = 0$


$\mathbf {K}(\omega )$


\begin {equation}\label {micro_sym1} \mathbf {S}(\omega ,k) = \mathbf {S}^*(-\omega ,-k), \quad \mathbf {B}(\omega ,k) = \mathbf {B}^*(-\omega ,-k), \quad \mathbf {D}(\omega ,k) = \mathbf {D}^*(-\omega ,-k), \quad \boldsymbol {\rho }(\omega ,k) =\boldsymbol {\rho }^*(-\omega ,-k),\end {equation}


\begin {equation}\label {micro_sym5} \mathbf {S}(\omega ,k) = \mathbf {S}(-\omega ,k), \quad \mathbf {B}(\omega ,k) = -\mathbf {B}(-\omega ,k), \quad \mathbf {D}(\omega ,k) = -\mathbf {D}(-\omega ,k), \quad \boldsymbol {\rho }(\omega ,k) = \boldsymbol {\rho }(-\omega ,k),\end {equation}


\begin {equation}\label {micro_sym4} \mathbf {S}(\omega ,k) \neq \mathbf {S}^T(-\omega ,-k), \quad \mathbf {B}(\omega ,k) \neq -\mathbf {D}^T(-\omega ,-k), \quad \boldsymbol {\rho }(\omega ,k) \neq \boldsymbol {\rho }^T(-\omega ,-k).\end {equation}


\begin {equation}\label {micro_sym3} \mathbf {S}(\omega ,k) \neq \mathbf {S}^T(\omega ,-k), \quad \mathbf {B}(\omega ,k) \neq \mathbf {D}^T(\omega ,-k), \quad \boldsymbol {\rho }(\omega ,k) \neq \boldsymbol {\rho }^T(\omega ,-k).\end {equation}


$\boldsymbol {\beta }$


$\mathbf {u}_{\text {loc}}$


$\mathbf {Q}_{\text {0}}$


$\boldsymbol {\beta }$


$x \to -x$


$k \to -k$


$\beta _{21}(\omega )$


\begin {equation}\label {parity_con} \beta _{12}(\omega ) = \beta _{13}(\omega ) = \beta _{21}(\omega ) = \beta _{24}(\omega ) = \beta _{31}(\omega ) = \beta _{34}(\omega ) = \beta _{42}(\omega ) = \beta _{43}(\omega ) = 0.\end {equation}


$t<0$


$|x|>c t$


$c$


$\boldsymbol {\mathcal {S}}(\omega ,k)$


$\omega $


$k$


$\boldsymbol {\mathcal {S}}(\omega ,k)$


$c\to \infty $


$\boldsymbol {\beta }$


$\mathbf {u}_{\text {loc}}$


$\mathbf {Q}_{0}$


$\boldsymbol {\beta }$


\begin {equation}\label {eff_constitutive_time0} \left [\begin {array}{cc} \boldsymbol {\varepsilon }(t,x) \\ \mathbf {p}(t,x) \end {array}\right ] = \int _{-\infty }^{t}\int _{-\infty }^{\infty } \left [\begin {array}{cc} \mathbf {S}(t,t';x,x') & \mathbf {B}(t,t';x,x') \\ \mathbf {D}(t,t';x,x') & \boldsymbol {\rho }(t,t';x,x') \end {array}\right ] \left [\begin {array}{cc} \boldsymbol {\sigma }(t',x')\\ \mathbf {v}(t',x') \end {array}\right ] dt'dx'\end {equation}


$t - t'$


$x - x'$


\begin {equation}\label {eff_constitutive_time} \left [\begin {array}{cc} \boldsymbol {\varepsilon }(t,x) \\ \mathbf {p}(t,x) \end {array}\right ] = \int _{-\infty }^{t}\int _{-\infty }^{\infty } \left [\begin {array}{cc} \mathbf {S}(t-t',x-x') & \mathbf {B}(t-t',x-x') \\ \mathbf {D}(t-t',x-x') & \boldsymbol {\rho }(t-t',x-x') \end {array}\right ] \left [\begin {array}{cc} \boldsymbol {\sigma }(t',x')\\ \mathbf {v}(t',x') \end {array}\right ] dt'dx'\end {equation}


\begin {equation}\label {eom_eff_2} \begin {aligned} &\left [\begin {array}{cc} 0 & -\partial _x \\ -\partial _x & 1 \\ \end {array}\right ]\boldsymbol {\sigma }(t,x) + \int _{-\infty }^t\int _{\infty }^{\infty } \mathbf {S}(t-t',x-x') \boldsymbol {\sigma }(t',x') + \mathbf {B}(t-t',x-x')\partial _t \mathbf {w}(t',x') dt'dx' = \mathbf {q}_1 \\ &\left [\begin {array}{cc} 0 & \partial _x\\ \partial _x & 1\\ \end {array}\right ] \mathbf {w}(t,x) + \partial _t\int _{-\infty }^t\int _{\infty }^{\infty } \mathbf {D}(t-t',x-x') \boldsymbol {\sigma }(t',x') + \boldsymbol {\rho }(t-t',x-x')\partial _t \mathbf {w}(t',x') dt'dx' = \mathbf {q}_2 \end {aligned}\end {equation}


$\mathbf {w} = [w,\psi ]^T$


$\mathbf {q}_1 = [p_{\rm {ext}}, s_{\rm {ext}}]^T$


$\mathbf {q}_2 = [f_{\rm {ext}}, q_{\rm {ext}}]^T$


\begin {equation}\label {disp_eq} \mathbf {H} \mathbf {u}_{\rm {eff}} = \mathbf {Q}_{\rm {ext}},\end {equation}


\begin {equation}\label {disp_mat} \mathbf {H} = \left [\begin {array}{cccc} 0 & 0 & 0 & -ik \\ 0 & 0 & -ik & 1 \\ 0 & ik & 0 & 0\\ ik & 1 & 0 & 0 \\ \end {array}\right ] + \left [\begin {array}{cc} \mathbf {S} & -i\omega \mathbf {B} \\ -i\omega \mathbf {D} & -\omega ^2 \boldsymbol {\rho } \end {array}\right ].\end {equation}


$\mathbf {Q}_{\text {eff}}$


$\mathbf {H}$


$\omega $


$k$


$\mathbf {u}_{\rm {eff}}$


\begin {equation}\begin {aligned} & \text {Fixed}: & & w_{\rm eff}=0, \quad \psi _{\rm eff}=0 \\ & \text {Simply supported}:& & w_{\rm eff}=0, \quad M_{\rm eff}=0 \\ & \text {Free}: & & M_{\rm eff}=0, \quad F_{\rm eff}=0 \end {aligned} \label {Xeqn37-37}\end {equation}


$V_{a1}$


$V_{a2}$


\begin {equation}\label {TF1} \begin {aligned} V_{a1} = H_1(\omega ) V_s, \\ V_{a2} = H_2(\omega ) V_s, \end {aligned}\end {equation}


$V_s$


$V_s = \int _{A} D_z \, dA / C_0$


$A$


$D_z$


$z$


$C_0$


$g$


$g$


$V_s$


$V_{a1}$


$V_{a2}$


$\beta _{11}$


$\beta _{21}$


$H_1(\omega )$


$H_2(\omega )$


\begin {equation}\label {TF_rational} H_{i}(\omega ) = \frac {\sum _{m=0}^{M} a_{m,i} \, \omega ^m}{\sum _{n=0}^{N} b_{n,i} \, \omega ^n}, \quad \text {for } i = 1, 2.\end {equation}


$M$


$N$


$a_{m,i}$


$b_{n,i}$


$m$


$n$


$H_{i}(\omega )$


$\beta _{11}=\chi _1\left (\frac {H_1+H_2}{2}\right )$


$\beta _{21}=\chi _2\left (\frac {H_1-H_2}{2}\right )$


$\chi _1$


$\chi _2$


$\boldsymbol {\beta }(\omega )$


$\boldsymbol {\beta }(\omega )$


\begin {equation}\label {nonlocal_C} \begin {aligned} S_{11} &= \frac {1}{D_0} + K_{11}, \\ S_{21} &= K_{21}, \end {aligned}\end {equation}


\begin {equation}\label {K_expression} K_{11} = \frac {\beta _{11} \left ( b_4 k^4 + b_2 k^2 + b_0 \right )}{a_4 k^4 + a_2 k^2 + a_1 k + a_0}, \quad K_{21} = \frac {\beta _{21} \left ( b_4 k^4 + b_2 k^2 + b_0 \right )}{a_4 k^4 + a_2 k^2 + a_1 k + a_0},\end {equation}


$a_i$


$b_i$


\begin {equation}\begin {aligned} b_4 &= -D_0\beta _{11} g_0 \\ b_2 &= \omega ^2 \left (D_0 \rho _0 +I_0 g_0 \right ) \\ b_0 &= \rho _0 \omega ^2 \left (-I_0 \omega ^2 +g_0\right ) \\ a_4 & = D_0lg_0 \left (-1+S_{12} \beta _{21} + S_{11} \beta _{11}\right ) \\ a_2 & = -\omega ^2 \left (-D_0 l \rho _0 - I_0lg_0 + D_0 l S_{12} \beta _{21} \rho _0 + I_0 l S_{12} \beta _{21} g_0 + D_0 l S_{11} \beta _{11} \rho _0 + D_0 I_0 \beta _{11} g_0 + I_0 l S_{11} \beta _{11} g_0 \right ) \\ a_1 & = -D_0\beta _{21} g_0\omega ^2 \rho _0 i \\ a_0 & = -\omega ^2\rho _0 \left (-I_0 \omega ^2 + g_0 \right ) \left (-l + l S_{12} \beta _{21} + D_0 \beta _{11} +l S_{11}\beta _{11} \right ). \end {aligned} \label {Xeqn42-42}\end {equation}


$K_{11}$


$K_{21}$


$\beta _{11}$


$\beta _{21}$


$H_1(\omega ) = H_2(\omega )$


$\beta _{11}$


$K_{11}$


$H_1(\omega ) = -H_2(\omega )$


$\beta _{21}$


$K_{21}$


$H_1(\omega ) \neq H_2(\omega )$


$H_1(\omega ) \neq -H_2(\omega )$


$K_{11}$


$K_{21}$


$\omega \to 0$


\begin {equation}\label {local_C} \begin {aligned} S_{11} &= \frac {1}{D_0}+\frac {\beta _{11}}{\,l-D_0 \beta _{11}\,}, \\ S_{21} &= \frac {\beta _{21}}{\,l-D_0 \beta _{11}\,}, \end {aligned}\end {equation}


$H_1(\omega ) = H_2(\omega ) = 0.05$


$\beta _{11}$


$S_{11}$


$S_{11}$


$1/D_0$


$\beta _{11}$


$S_{11}$


$H_1(\omega ) = -H_2(\omega ) = 0.3$


$S_{21}$


$S_{21}$


$S_{21}$


$\omega _0 = 4000\pi $


$\omega < \omega _0$


$\omega > \omega _0$


$\omega = \omega _0$


$S_{21}$


$\omega = \omega _0$


$S_{21}$


$S_{21}$


$H_1(\omega ) = -H_2(\omega ) = 0.3i$


$S_{21}$


$S_{21}$


$S_{21}$


$S_{21}$


$H_1(\omega ) = -H_2(\omega )$


$\beta _{21}$


$K_{21}$


\begin {equation}\left (\begin {array}{cccc} S_{11} & 0 & 0 & -k\,i\\ S_{21} & 1/G_0 & -k\,i & 1\\ 0 & k\,i & \omega ^2 \,\rho _0 & 0\\ k\,i & 0 & 0 & J_0 \,\omega ^2 \end {array}\right ) \left (\begin {array}{c} M_{\text {eff}} \\ F_{\text {eff}} \\ w_{\text {eff}} \\ \psi _{\text {eff}} \end {array}\right ) = \left (\begin {array}{c} 0\\ 0\\ 0\\ 0 \end {array}\right ) \label {Xeqn45-45}\end {equation}


$S_{11}$


$S_{21}$


$M_{\text {eff}}$


$F_{\text {eff}}$


\begin {equation}\label {dispersion} \left [\begin {array}{cc} -S_{11} \left (-\omega ^2 \rho _0 +G_0 k^2 \right ) & -G_0 k{\left (S_{11} i-S_{21} k\right )}\\ S_{11} G_0 ki & -S_{11} G_0 +S_{11} J_0 \omega ^2 -S_{21} G_0 ki-k^2 \end {array}\right ] \left [\begin {array}{c} w_{\text {eff}}\\ \psi _{\text {eff}} \end {array}\right ] = \left [\begin {array}{c} 0\\ 0 \end {array}\right ]\end {equation}


\begin {equation}\frac {\gamma _{\rm eff}}{\psi _{\rm eff}} = \frac {ik w_{\rm eff}-\psi _{\rm eff}}{\psi _{\rm eff}}=-\frac {(S_{11} i-S_{21} k)(-S_{11} \omega ^2 \rho _0 +2S_{11} G_0 k^2 +S_{21} G_0 k^3 i)}{S_{11}(-\omega ^2 \rho _0 +G_0 k^2 )(S_{11} +S_{21} ki)i} \label {Xeqn47-47}\end {equation}


$|\gamma _{\text {eff}}| / |\psi _{\text {eff}}|$


$H_1 = -H_2 = 1$


$S_{21}$


\begin {equation}\mathbf {H} \mathbf {G}_{\rm eff}(\omega ,k) = \mathbf {I}. \label {Xeqn48-48}\end {equation}


$S_{21}$


$\mathbf {H}(\omega ,k) \neq \mathbf {H}^T(\omega ,-k),$


$\mathbf {G}_{\rm eff} = \mathbf {H}^{-1}$


$\mathbf {G}_{\rm eff}(\omega ,k) \neq \mathbf {G}_{\rm eff}^T(\omega ,-k)$


\begin {equation}\label {Greens_eff_sym} \mathbf {G}_{\rm eff}(\omega ,x-x') \neq \mathbf {G}_{\rm eff}^T(\omega ,x'-x)\end {equation}


$\mathbf {Q}_{\rm ext}^1(\omega ,x)$


$\mathbf {u}_{\rm eff}^1(\omega ,x)$


$\mathbf {Q}_{\rm ext}^2(\omega ,x)$


$\mathbf {u}_{\rm eff}^2(\omega ,x)$


\begin {equation}\label {reciprocity1} \int _{L} (\mathbf {u}_{\rm eff}^2)^T(\omega ,x) \mathbf {Q}_{\rm ext}^1(\omega ,x) dx = \int _{L} (\mathbf {u}_{\rm eff}^1)^T(\omega ,x) \mathbf {Q}_{\rm ext}^2(\omega ,x) dx.\end {equation}


$\mathbf {u}_{\rm eff}(\omega ,x) = \int _{L} \mathbf {G}_{\rm eff}(\omega ,x-x') \mathbf {Q}_{\rm ext}(x') dx'$


$x$


$x'$


\begin {equation}\label {reciprocity2} \int _{L}\int _{L} (\mathbf {Q}_{\rm ext}^2)^T(\omega ,x') \mathbf {G}_{\rm eff}^T(\omega ,x-x') \mathbf {Q}_{\rm ext}^1(\omega ,x) \,dx dx' = \int _{L}\int _{L} (\mathbf {Q}_{\rm ext}^2)^T(\omega ,x') \mathbf {G}_{\rm eff}(\omega ,x'-x) \mathbf {Q}_{\rm ext}^1(\omega ,x) \,dx dx'.\end {equation}


$\mathbf {G}_{\rm eff}(\omega ,x-x') = \mathbf {G}_{\rm eff}^T(\omega ,x'-x)$


$S_{21}$


$H_1(\omega ) = -H_2(\omega ) = 0.3$


$L$


$\mathbf {Q}_{\rm ext}^1(x) = [0,0,0,1]^T \delta (x)$


$x = 0$


$w_1$


$x = L$


$\mathbf {Q}_{\rm ext}^2(x) = [0,0,0,1]^T\delta (x-L)$


$x = L$


$w_2$


$x = -L$


\begin {equation}\label {nonrecip_delta} \Delta = (\mathbf {u}_{\rm eff}^2)^T \mathbf {Q}_{\rm ext}^1 - (\mathbf {u}_{\rm eff}^1)^T \mathbf {Q}_{\rm ext}^2 = w_2 - w_1\end {equation}


$\Delta $


$|w_2|$


$|\Delta |/|w_1|$


$\Delta $


$k$


$\omega $


$H_1 (\omega ) = -H_2(\omega ) = 0.3$


$k_2,\, k_4$


$k_1,\, k_3$


$L$


\begin {equation}\Delta = G_{\rm eff}^{11}(\omega ,L) - G_{\rm eff}^{11}(\omega ,-L) \sim \frac {1}{\sqrt {2\pi }} G_{\rm eff}^{11}(\omega ,k_1) e^{i k_1 L}. \label {Xeqn53-53}\end {equation}


$\bar {\Delta }$


\begin {equation}\label {asympt_green} \mathbf {G}_{\rm eff}(\omega ,x-x') \sim \begin {cases} \frac {1}{\sqrt {2\pi }} \mathbf {G}_{\rm eff}(\omega ,k_1) e^{ik_1(x-x')}, & x-x' > 0 \\ \frac {1}{\sqrt {2\pi }} \mathbf {G}_{\rm eff}(\omega ,k_3) e^{ik_3(x-x')}, & x-x' < 0 \end {cases}\end {equation}


$\bar {\Delta }$


$\bar {\Delta }$


$k_n$


$n = 1,2,3,4$


\begin {equation}w_{\rm eff}(x) = \sum _{n=1}^4 A_n e^{ik_nx} \label {Xeqn54-54}\end {equation}


$A_n$


\begin {equation}\psi _{\rm eff}(x) = \sum _{n=1}^4 A_n N_{\psi }^n e^{ik_nx} \label {Xeqn55-55}\end {equation}


$N_{\psi }^n$


$\mathbf {H}\mathbf {u}_{\rm eff} = \mathbf {0}$


\begin {equation}w_{\rm eff}(0) = 0, \quad \psi _{\rm eff}(0) = 0, \quad w_{\rm eff}(L) = 0, \quad \psi _{\rm eff}(L) = 0. \label {Xeqn56-56}\end {equation}


$L$


\begin {equation}\left (\begin {array}{cccc} 1 & 1 & 1 & 1 \\ N_{\psi }^1 & N_{\psi }^2 & N_{\psi }^3 & N_{\psi }^4 \\ e^{ik_1L} & e^{ik_2L} & e^{ik_3L} & e^{ik_4L} \\ N_{\psi }^1 e^{ik_1L} & N_{\psi }^2 e^{ik_2L} & N_{\psi }^3 e^{ik_3L} & N_{\psi }^4 e^{ik_4L} \end {array}\right ) \left (\begin {array}{c} A_1 \\ A_2 \\ A_3 \\ A_4 \end {array}\right ) = \left (\begin {array}{c} 0\\ 0\\ 0\\ 0 \end {array}\right ) \label {Xeqn57-57}\end {equation}


\begin {equation}\label {asym_det} \left | \begin {array}{cccc} 1 & 1 & 1 & 1 \\ N_{\psi }^1 & N_{\psi }^2 & N_{\psi }^3 & N_{\psi }^4 \\ e^{ik_1L} & e^{ik_2L} & e^{ik_3L} & e^{ik_4L} \\ N_{\psi }^1 e^{ik_1L} & N_{\psi }^2 e^{ik_2L} & N_{\psi }^3 e^{ik_3L} & N_{\psi }^4 e^{ik_4L} \end {array} \right | = 0\end {equation}


$L$


\begin {equation}\label {asym_eq} \begin {aligned} & F_1\left (\vec {k}, \omega \right ) e^{i (k_1+k_2) L} + F_2\left (\vec {k}, \omega \right ) e^{i (k_1+k_3) L} + F_3\left (\vec {k}, \omega \right ) e^{i (k_1+k_4) L} \\ & + F_4\left (\vec {k}, \omega \right ) e^{i (k_2+k_3) L} + F_5\left (\vec {k}, \omega \right ) e^{i (k_2+k_4) L} + F_6\left (\vec {k}, \omega \right ) e^{i (k_3+k_4) L} = 0 \end {aligned}\end {equation}


$\vec {k} = [k_1, k_2, k_3, k_4]$


$F_i(\vec {k}, \omega )$


$i = 1, 2, \dots , 6$


$L$


$\text {Im}(k_1) < \text {Im}(k_2) < \text {Im}(k_3) < \text {Im}(k_4)$


$\text {Im}(k_2) \neq \text {Im}(k_3)$


$F_6(\vec {k}, \omega ) e^{i (k_3+k_4) L}$


$L$


\begin {equation}F_6\left (\vec {k}, \omega \right ) =0 \label {Xeqn60-60}\end {equation}


$L$


$\text {Im}(k_2) = \text {Im}(k_3)$


$e^{i (k_2+k_4) L}$


$e^{i (k_3+k_4) L}$


\begin {equation}e^{i (k_2-k_3) L}=-\frac {F_6\left (\vec {k}, \omega \right )}{F_5\left (\vec {k}, \omega \right )} \label {Xeqn61-61}\end {equation}


$\text {Re}\left (k_2\right )$


$\text {Re}\left (k_3\right )$


$L$


$L \to \infty $


$\omega $


$k_1(\omega )$


$k_2(\omega )$


$k_3(\omega )$


$k_4(\omega )$


$\text {Im}(k_1) < \text {Im}(k_2) < \text {Im}(k_3) < \text {Im}(k_4)$


$\text {Re}(\omega )$


$\text {Im}(\omega )$


$\text {Re}(k)$


$\text {Im}(k)$


$(\text {Re}(\omega ), \text {Im}(\omega ), \text {Re}(k), \text {Im}(k))$


$\omega $


$k$


$-\pi /l$


$\pi /l$


$\text {Re}(\omega )$


$\text {Re}(\omega )$


$F_i(\vec {k}, \omega )$


$i = 1, 2, \dots , 6$


$\text {Im}\left (k_2(\omega )\right ) = \text {Im}\left (k_3(\omega )\right )$


$H_1(\omega ) = -H_2(\omega ) = 1$


$20l$


$H_1(\omega ) = -H_2(\omega ) = \pm 0.3$


$S_{21}$


$S_{21}$


$H_1(\omega ) = -H_2(\omega ) = 0$


$H_1(\omega ) = -H_2(\omega ) = 0.3$


$H_1(\omega ) = -H_2(\omega ) = -0.3$


$S_{21}$


$H_1(\omega ) = -H_2(\omega ) = 1$


$\omega (k)\neq \omega (-k)$


$k\to -k$


$S_{12} \neq S_{21}$


$\mathbf {S}$


$\omega _\alpha (k)$


$\omega _b$


\begin {equation}\nu (\omega _b) = \sum _\alpha \int _{-\pi /l}^{\pi /l} \frac {\mathrm {d} k}{2 \pi } \frac {d}{d k} \arg \left [\omega _\alpha (k)-\omega _b\right ]. \label {Xeqn63-63}\end {equation}


$H_1(\omega ) = -H_2(\omega )$


$H_1(\omega ) = 0.3$


$H_1(\omega ) = 0$


$H_1(\omega ) = -0.3$


$k$


$-\pi /l$


$\pi /l$


$\nu (\omega _b) = -1$


$\omega _b$


$\omega _b$


$k$


$-\pi /l$


$\pi /l$


$\nu (\omega _b) = 1$


$\omega _b$


$H_1(\omega ) = -H_2(\omega ) =1$


$\nu (\omega _b) = -1$


$\omega _b$


$\nu (\omega _b)$


$\omega _b$


$-1$


\begin {equation}\label {mat_timo_eq_freq} \boldsymbol {\zeta }(\omega , -i\partial _x)\, \mathbf {u} = \mathbf {Q}.\end {equation}


$M$


$F$


$\psi $


$w$


\begin {equation}\label {gov_eq_timo} \begin {aligned} D_0 \frac {\partial ^4 w}{\partial x^4} & + J_0 \omega ^2 \left (1 + \frac {D_0 P_0}{G_0 J_0}\right ) \frac {\partial ^2 w}{\partial x^2} + \left (\frac {J_0 \rho _0 \omega ^4}{G_0} - \rho _0 \omega ^2\right ) w \\ & = -\frac {\partial q}{\partial x} + \left (1 - \frac {J_0}{G_0} \omega ^2\right ) f - \frac {D_0}{G_0} \frac {\partial ^2 f}{\partial x^2} + D_0 \frac {\partial ^2 p}{\partial x^2} + D_0 \frac {\partial ^3 s}{\partial x^3} + J_0 \omega ^2 \frac {\partial s}{\partial x}, \end {aligned}\end {equation}


$f$


$p$


$q$


$s$


$f = \delta (x)$


\begin {equation}w(\omega , k) = \frac {1}{D_0} \frac {1 - \frac {J_0}{G_0} \omega ^2 + \frac {D_0}{G_0} k^2}{(k^2 + a^2)(k^2 + b^2)}, \label {Xeqn66-A.3}\end {equation}


$a = i k_1$


$b = k_2$


$k_1$


$k_2$


$\det [\boldsymbol {\zeta }(\omega , k)] = 0$


$\omega $


\begin {equation}w(\omega , x) = \frac {1}{2 D_0} \frac {1 - \frac {J_0}{G_0} \omega ^2 + \frac {D_0}{G_0} k_1^2}{(k_1^2 + k_2^2)\, i k_1} e^{-i k_1 |x|} - \frac {1}{2 D_0} \frac {1 - \frac {J_0}{G_0} \omega ^2 - \frac {D_0}{G_0} k_2^2}{(k_1^2 + k_2^2)\, k_2} e^{-k_2 |x|}. \label {Xeqn67-A.4}\end {equation}


$w(\omega , x)$


\begin {equation}\begin {aligned} w(\omega , x) &= \frac {1}{2 D_0 (k_1^2 + k_2^2)} \left ( e^{-i k_1 |x|} - e^{-k_2 |x|} \right ) \mathrm {sgn}(x), & \text {for } q \neq 0, \\ w(\omega , x) &= \frac {i k_1}{2 (k_1^2 + k_2^2)} e^{-i k_1 |x|} - \frac {k_2}{2 (k_1^2 + k_2^2)} e^{-k_2 |x|}, & \text {for } p \neq 0, \\ w(\omega , x) &= \frac {-D_0 k_1^2 + J_0 \omega ^2}{2 D_0 (k_1^2 + k_2^2)} e^{-i k_1 |x|} \, \mathrm {sgn}(x) - \frac {D_0 k_2^2 + J_0 \omega ^2}{2 D_0 (k_1^2 + k_2^2)} e^{-k_2 |x|} \, \mathrm {sgn}(x), & \text {for } s \neq 0. \end {aligned} \label {Xeqn68-A.5}\end {equation}


$f_0\delta (x-x')$


$q_0 \delta (x-x')$


$p_0 \delta (x-x')$


$s_0 \delta (x-x')$


$x'$


$x$


\begin {equation}\label {resp_fun} w(x', x) = \mathbf {B}_{1}(x-x')^{T} \mathbf {Q}_{0} e^{-i k_1|x-x'|} + \mathbf {B}_{2}(x-x')^{T} \mathbf {Q}_{0} e^{-k_2|x-x'|}\end {equation}


\begin {equation}\mathbf {B}_{1}(x) = \left [\begin {array}{c} A_1\\ \operatorname {sgn}(x-x') A_2\\ A_3 \\ \operatorname {sgn}(x-x') A_4 \end {array}\right ], \quad \mathbf {B}_{2}(x) = \left [\begin {array}{c} A_1 a_1 \\ \operatorname {sign}(x-x') A_2 a_2 \\ A_3 a_3 \\ \operatorname {sign}(x) A_4 a_4 \end {array}\right ] \quad \mathbf {Q}_0=\left [\begin {array}{c} p_0 \\ s_0 \\ f_0 \\ q_0 \end {array}\right ], \label {Xeqn70-A.7}\end {equation}


\begin {equation}\begin {aligned} A_1 &= \frac {ik_1}{2(k_1^2+k_2^2)}, \\ A_2 &= \frac {D_0 k_1^2 - J_0 \omega ^2}{ 2 D_0 (k_1^2+k_2^2) }, \\ A_3 &= \frac {1}{2D_0} \frac {1-\frac {J_0}{G_0}\omega ^2 + \frac {D_0}{G_0} k_1^2}{(k_1^2+k_2^2)ik_1}, \\ A_4 &= \frac {1}{ 2 D_0 (k_1^2+k_2^2) }, \\ \end {aligned} \quad \quad \begin {aligned} a_1 &= - \frac {k_2}{ik_1}, \\ a_2 &= \frac {D_0 k_2^2 + J_0 \omega ^2}{D_0 k_1^2 - J_0\omega ^2}, \\ a_3 &= - \frac {ik_1}{k_2} \frac {1-\frac {J_0}{G_0}\omega ^2 - \frac {D_0}{G_0} k_2^2}{1-\frac {J_0}{G_0}\omega ^2 + \frac {D_0}{G_0} k_1^2}, \\ a_4 &= -1. \end {aligned} \label {Xeqn71-A.8}\end {equation}


$\psi (x', x)$


$F(x', x)$


$M(x', x)$


\begin {equation}\label {resp_other_1} \begin {aligned} & \psi (x', x)=R_\psi ^1(x-x') \mathbf {B}_1(x-x')^T \mathbf {Q}(x') e^{-i k_1|x-x'|}+R_\psi ^2(x-x') \mathbf {B}_{\mathbf {2}}(x-x')^T \mathbf {Q}(x') e^{-k_2|x-x'|} \\ & F(x', x)=R_F^1(x-x') \mathbf {B}_{\mathbf {1}}(x-x')^{\mathbf {T}} \mathbf {Q}(x') e^{-i k_1|x-x'|}+R_F^2(x-x') \mathbf {B}_{\mathbf {2}}(x-x')^{\mathbf {T}} \mathbf {Q}(x') e^{-k_2|x-x'|} \\ & M(x', x)=R_M^1(x-x') \mathbf {B}_{\mathbf {1}}(x-x')^T \mathbf {Q}(x') e^{-i k_1|x-x'|}+R_M^2(x-x') \mathbf {B}_{\mathbf {2}}(x-x')^T \mathbf {Q}(x') e^{-k_2|x-x'|} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} & -\operatorname {sgn}(x-x') i k_1 R_\psi ^1(x-x')+\frac {R_M^1(x-x')}{D_0}=0 \\ & R_\psi ^1(x-x')+\frac {R_F^1(x-x')}{G_0}=-\operatorname {sgn}(x-x') i k_1 \\ & -\operatorname {sgn}(x-x') i k_1 R_F^1(x-x')=-\rho _0 \omega ^2 \end {aligned} \label {Xeqn73-A.10}\end {equation}


$R_\psi ^1(x-x'), R_F^1(x-x'), R_M^1(x-x')$


\begin {equation}\begin {aligned} & -\operatorname {sgn}(x-x') k_2 R_\psi ^2(x-x')+\frac {R_M^2(x-x')}{D_0}=0 \\ & R_\psi ^2(x-x')+\frac {R_F^2(x-x')}{G_0}=-\operatorname {sgn}(x-x') k_2 \\ & -\operatorname {sgn}(x-x') k_2 R_F^2(x-x')=-\rho _0 \omega ^2 \end {aligned} \label {Xeqn74-A.11}\end {equation}


$R_\psi ^2(x-x'), R_F^2(x-x'), R_M^2(x-x')$


$R_\psi ^1(x - x')$


$R_F^1(x - x')$


$R_M^1(x - x')$


$R_\psi ^2(x - x')$


$R_F^2(x - x')$


$R_M^2(x - x')$


\begin {equation}\label {Green_fun} \mathbf {G}(\omega ,x - x') = \mathbf {R}_1(x-x')\mathbf {B}_1(x-x')^T e^{-i k_1|x-x'|} +\mathbf {R}_2(x-x')\mathbf {B}_2(x-x')^T e^{-k_2|x-x'|}\end {equation}


\begin {equation}\mathbf {R}_1(x) = \left [\begin {array}{c} R_M^1(x) \\ R_F^1(x) \\ 1 \\ R_\psi ^1(x) \end {array}\right ], \quad \mathbf {R}_2(x) = \left [\begin {array}{c} R_M^2(x) \\ R_F^2(x) \\ 1 \\ R_\psi ^2(x) \end {array}\right ]. \label {Xeqn76-A.13}\end {equation}


$\mathbf {u}(x)$


$x$


$\mathbf {Q}(x')$


$x'$


\begin {equation}\label {response_all} \mathbf {u}(x)= \int \mathbf {G}(\omega ,x - x') \mathbf {Q}(x') dx'.\end {equation}


$\mathbf {G}(\omega , k)$


\begin {equation}\boldsymbol {\zeta }(\omega , k)\, \mathbf {G}(\omega , k) = \mathbf {I}, \label {Xeqn78-A.15}\end {equation}


$\mathbf {G}(\omega , k)$


$\boldsymbol {\zeta }(\omega , k)$


$\omega $


$k$


\begin {equation}\mathbf {G}(\omega , x - x') = \frac {1}{\sqrt {2\pi }} \int _{-\infty }^{\infty } \mathbf {G}(\omega , k) \, e^{i k (x - x')} \, dk, \label {Xeqn80-A.17}\end {equation}


\begin {equation}\label {symm_GR} \mathbf {G}(\omega , x - x') = \mathbf {G}^*(-\omega , x' - x), \quad \mathbf {G}(\omega , x - x') = \mathbf {G}^T(-\omega , x' - x), \quad \mathbf {G}(\omega , x - x') = \mathbf {G}(-\omega , x' - x).\end {equation}


\begin {equation}\mathbf {H}(\omega ,k) \mathbf {G}_{\rm eff}(\omega ,k) = \mathbf {I} \label {Xeqn82-A.19}\end {equation}


\begin {equation}\mathbf {G}_{\rm eff}(\omega ,x-x') = \frac {1}{\sqrt {2\pi }}\int _{-\infty }^{\infty } \frac {e^{ik(x-x')}}{\mathbf {H}(\omega ,k)} dk = \frac {1}{\sqrt {2\pi }}\int _{-\infty }^{\infty } \mathbf {G}_{\rm eff}(\omega ,k) e^{ik(x-x')} dk \label {Xeqn83-A.20}\end {equation}


\begin {equation}\mathbf {G}_{\rm eff}(\omega ,x-x') = \begin {cases} \frac {1}{\sqrt {2\pi }} \sum _{n=1}^{2} \mathbf {G}_{\rm eff}(\omega ,k_n) e^{ik_n(x-x')}, & x-x' > 0 \\ \frac {1}{\sqrt {2\pi }} \sum _{n=3}^{4} \mathbf {G}_{\rm eff}(\omega ,k_n) e^{ik_n(x-x')}, & x-x' < 0 \end {cases} \label {Xeqn84-A.21}\end {equation}


$L$


$x-x' > 0$


$x-x' < 0$


$\mathbf {Q}_{\rm ext}^1(x) = [0,0,0,1]^T \delta (x)$


$x = 0$


$\mathbf {Q}_{\rm ext}^2(x) = [0,0,0,1]^T\delta (x-L)$


$x = L$


\begin {equation}\Delta =G_{\mathrm {eff}}^{11}(\omega , L)-G_{\mathrm {eff}}^{11}(\omega ,-L) \sim \frac {1}{\sqrt {2 \pi }} G_{\mathrm {eff}}^{11}\left (\omega , k_1\right ) e^{i k_1 L}. \label {Xeqn86-A.23}\end {equation}


\begin {equation}\label {eff1} \boldsymbol {\zeta } \left (\mathbf {u}_{\text {eff}} - \mathbf {u}_{\text {h}}\right ) = -\mathbf {Q}_{\text {eff}}.\end {equation}


$\mathbf {u}_{\text {loc}}$


\begin {equation}\label {eff2} \left (\textbf {I} - \boldsymbol {\beta } \tilde {\mathbf {S}} \right ) \mathbf {Q}_{0} = \boldsymbol {\beta } \mathbf {u}_{\text {h}},\end {equation}


$\textbf {I}$


$4 \times 4$


$\boldsymbol {\zeta }$


\begin {equation}\label {eff4} \mathbf {u}_{\text {h}} = \mathbf {u}_{\text {eff}} + \boldsymbol {\zeta }^{-1} \mathbf {Q}_{\text {eff}}.\end {equation}


$\mathbf {Q}_{0}$


\begin {equation}\label {eff5} \boldsymbol {\beta } \mathbf {u}_{\text {h}} = \left (\textbf {I} - \boldsymbol {\beta } \tilde {\mathbf {S}} \right ) \mathbf {Q}_{\text {eff}}l.\end {equation}


$\boldsymbol {\beta }$


\begin {equation}\boldsymbol {\beta } \left ( \mathbf {u}_{\text {eff}} + \boldsymbol {\zeta }^{-1} \mathbf {Q}_{\text {eff}} \right ) = \left (\textbf {I} - \boldsymbol {\beta } \tilde {\mathbf {S}} \right ) \mathbf {Q}_{\text {eff}}l. \label {Xeqn91-B.5}\end {equation}


\begin {equation}\mathbf {Q}_{\text {eff}} = \left [ \left (\textbf {I} - \boldsymbol {\beta } \tilde {\mathbf {S}} \right ) l - \boldsymbol {\beta }\boldsymbol {\zeta }^{-1} \right ]^{-1} \boldsymbol {\beta } \mathbf {u}_{\text {eff}}. \label {Xeqn92-B.6}\end {equation}


\begin {equation}\mathbf {Q}_{\rm ext}(x,t) = \mathbf {Q}_{\rm ext}(\omega ,k) e^{i(kx-\omega t)} \label {Xeqn93-C.1}\end {equation}


$\mathbf {Q}_{\rm ext}(\omega ,k)$


\begin {equation}\mathbf {u}_{\rm eff}(x,t) = \mathbf {u}_{\rm eff}(\omega ,k) e^{i(kx-\omega t)} \label {Xeqn94-C.2}\end {equation}


\begin {equation}\mathbf {u}_{\rm eff}(\omega ,k) = \mathbf {H}(\omega ,k)^{-1} \mathbf {Q}_{\rm ext}(\omega ,k). \label {Xeqn95-C.3}\end {equation}


$\mathbf {H}(\omega ,k)$


$\mathbf {H}(\omega ,k)$


$\mathbf {H}(\omega ,k)$


\begin {equation}\mathbf {Q}_{\rm ext}(x,t) = \mathbf {Q}_{\rm ext}(\omega ,x)e^{-i\omega t}, \label {Xeqn96-C.4}\end {equation}


\begin {equation}\mathbf {Q}_{\rm ext}(\omega ,x) = \frac {e^{-i\omega t} }{\sqrt {2\pi }}\int _{-\infty }^{\infty } \mathbf {Q}_{\rm ext}(\omega ,k) e^{ikx} dk. \label {Xeqn97-C.5}\end {equation}


$\mathbf {Q}_{\rm ext}(\omega ,k)$


$\mathbf {u}_{\rm eff}(\omega ,k)$


\begin {equation}\mathbf {u}_{\rm eff}(t,x) = \frac {e^{-i\omega t} }{\sqrt {2\pi }}\int _{-\infty }^{\infty } \mathbf {H}(\omega ,k)^{-1} \mathbf {Q}_{\rm ext}(\omega ,k) e^{ikx} dk. \label {Xeqn98-C.6}\end {equation}


$\rm kg/m^3$


$C_0$


$0.611$


$g$


$h_1$


$h_2$


$g$


\begin {equation}\begin {aligned} V_{a1} &= h_1 \left ( V_s - g V_{a1} - g V_{a2} \right ), \\ V_{a2} &= h_2 \left ( V_s - g V_{a1} - g V_{a2} \right ). \end {aligned} \label {Xeqn99-E.1}\end {equation}


\begin {equation}\begin {aligned} V_{a1} &= H_1 V_s, \\ V_{a2} &= H_2 V_s, \end {aligned} \label {Xeqn100-E.2}\end {equation}


$H_1$


$H_2$


\begin {equation}\label {tf_rel} H_1 = \frac {h_1}{1 + g(h_1 + h_2)}, \quad H_2 = \frac {h_2}{1 + g(h_1 + h_2)}.\end {equation}


$g$


$g$


$H_1$


$H_2$


$V_s$


\begin {equation}V_s = \frac {1}{C_0}\int _A D_z dA \label {Xeqn102-E.4}\end {equation}


$C_0 = 1~\text {nF}$


$A$


$D_z$


$z$


\begin {equation}V_1=H_1 V_s, \quad V_2=H_2 V_s \label {Xeqn103-E.5}\end {equation}


$V_1$


$V_2$


$h_1$


$h_2$


$\boldsymbol {\beta }$


$H_1(\omega )$


$H_2(\omega )$


$\mathbf {u}_\text {loc}$


$\mathbf {Q}$


$\mathbf {u}_\text {loc}$


$\mathbf {Q}$


$\boldsymbol {\beta }$


$\mathbf {Q}$


$H_1(\omega )=0.35$


$H_2(\omega )=-0.25$


$x$


\begin {equation}\label {resp_test} w(0, x) = \mathbf {B}_{1}(x)^{T} \mathbf {Q}_{0} e^{-i k_1|x|} + \mathbf {B}_{2}(x)^{T} \mathbf {Q}_{0} e^{-k_2|\mathbf {x}|}.\end {equation}


$i$


$\mathbf {w}^i = [w^i(0, x_1), \ldots , w^i(0, x_N)]^T$


$\mathbf {x} = [x_1, x_2, \ldots , x_N]^T$


\begin {equation}\begin {aligned} \left [\mathbf {B}_{1}(x_1)^{T} e^{-i k_1|x_1|} + \mathbf {B}_{2}(x_1)^{T} e^{-k_2|x_1|} \right ] \mathbf {Q}^i &= w^i(0, x_1) \\ \left [\mathbf {B}_{1}(x_2)^{T} e^{-i k_1|x_2|} + \mathbf {B}_{2}(x_2)^{T} e^{-k_2|x_2|} \right ] \mathbf {Q}^i &= w^i(0, x_2) \\ \cdots \\ \left [\mathbf {B}_{1}(x_N)^{T} e^{-i k_1|x_N|} + \mathbf {B}_{2}(x_N)^{T} e^{-k_2|x_N|} \right ] \mathbf {Q}^i &= w^i(0, x_N). \end {aligned} \label {Xeqn105-F.2}\end {equation}


$N$


$\mathbf {Q}^i$


$N$


\begin {equation}\mathbf {Q}^i = \boldsymbol {\mathcal {G}}^{-1} \mathbf {w}^i \label {Xeqn106-F.3}\end {equation}


$(\cdot )^{-1}$


$\boldsymbol {\mathcal {G}}$


\begin {equation}\boldsymbol {\mathcal {G}} = \left [ \begin {array}{c} \mathbf {B}_{1}(x_1)^{T} e^{-i k_1|x_1|} + \mathbf {B}_{2}(x_1)^{T} e^{-k_2|x_1|} \\ \mathbf {B}_{1}(x_2)^{T} e^{-i k_1|x_2|} + \mathbf {B}_{2}(x_2)^{T} e^{-k_2|x_2|} \\ \cdots \\ \mathbf {B}_{1}(x_N)^{T} e^{-i k_1|x_N|} + \mathbf {B}_{2}(x_N)^{T} e^{-k_2|x_N|} \end {array} \right ] \label {Xeqn107-F.4}\end {equation}


$\mathbf {Q}^i$


\begin {equation}\label {loc_test1} \mathbf {Q}^i = \boldsymbol {\beta } \mathbf {u}_{\text {loc}}^i, \quad i = 1, 2, 3, 4,\end {equation}


\begin {equation}\label {loc_test2} \begin {aligned} \mathbf {Q}^i &= u_{\text {loc}}^i(1) \boldsymbol {\beta }_1 + u_{\text {loc}}^i(2) \boldsymbol {\beta }_2 + u_{\text {loc}}^i(3) \boldsymbol {\beta }_3 + u_{\text {loc}}^i(4) \boldsymbol {\beta }_4, \quad i = 1, 2, 3, 4, \end {aligned}\end {equation}


$\boldsymbol {\beta }_j$


$j = 1, 2, 3, 4$


$j$


$\boldsymbol {\beta }$


$u_{\text {loc}}^i(j)$


$j = 1, 2, 3, 4$


$j$


$\mathbf {u}_{\text {loc}}^i$


\begin {equation}\label {loc_test3} \left [\begin {array}{l} \mathbf {Q}^1 \\ \mathbf {Q}^2 \\ \mathbf {Q}^3 \\ \mathbf {Q}^4 \end {array}\right ] = \left [\begin {array}{llll} u_{\text {loc}}^1(1) \mathbf {I} & u_{\text {loc}}^1(2) \mathbf {I} & u_{\text {loc}}^1(3) \mathbf {I} & u_{\text {loc}}^1(4) \mathbf {I} \\ u_{\text {loc}}^2(1) \mathbf {I} & u_{\text {loc}}^2(2) \mathbf {I} & u_{\text {loc}}^2(3) \mathbf {I} & u_{\text {loc}}^2(4) \mathbf {I} \\ u_{\text {loc}}^3(1) \mathbf {I} & u_{\text {loc}}^3(2) \mathbf {I} & u_{\text {loc}}^3(3) \mathbf {I} & u_{\text {loc}}^3(4) \mathbf {I} \\ u_{\text {loc}}^4(1) \mathbf {I} & u_{\text {loc}}^4(2) \mathbf {I} & u_{\text {loc}}^4(3) \mathbf {I} & u_{\text {loc}}^4(4) \mathbf {I} \end {array}\right ] \left [\begin {array}{l} \boldsymbol {\beta }_1 \\ \boldsymbol {\beta }_2 \\ \boldsymbol {\beta }_3 \\ \boldsymbol {\beta }_4 \end {array}\right ],\end {equation}


$\mathbf {I}$


$4 \times 4$


$\mathbf {Q}^i$


$\boldsymbol {\beta }_i$


$i = 1, 2, 3, 4$


$\mathbf {u}_{\text {loc}}^i$


$i = 1, 2, 3, 4$


\begin {equation}\boldsymbol {\mathcal {Q}} = \left [\begin {array}{l} \mathbf {Q}^1 \\ \mathbf {Q}^2 \\ \mathbf {Q}^3 \\ \mathbf {Q}^4 \end {array}\right ], \quad \boldsymbol {\mathcal {U}}_{\text {loc}} = \left [\begin {array}{l} \left (\mathbf {u}_{\text {loc}}^1\right )^T \\ \left (\mathbf {u}_{\text {loc}}^2\right )^T \\ \left (\mathbf {u}_{\text {loc}}^3\right )^T \\ \left (\mathbf {u}_{\text {loc}}^4\right )^T \end {array}\right ], \quad \boldsymbol {\mathcal {B}} = \left [\begin {array}{c} \boldsymbol {\beta }_1 \\ \boldsymbol {\beta }_2 \\ \boldsymbol {\beta }_3 \\ \boldsymbol {\beta }_4 \end {array}\right ]. \label {Xeqn111-F.8}\end {equation}


\begin {equation}\boldsymbol {\mathcal {Q}} = \boldsymbol {\mathcal {U}}_{\text {loc}} \otimes \mathbf {I} \boldsymbol {\mathcal {B}}, \label {Xeqn112-F.9}\end {equation}


$\otimes $


$\boldsymbol {\mathcal {B}}$


\begin {equation}\boldsymbol {\mathcal {B}} = \left ( \boldsymbol {\mathcal {U}}_{\text {loc}} \otimes \mathbf {I} \right )^{-1} \boldsymbol {\mathcal {Q}} \label {Xeqn113-F.10}\end {equation}


$\boldsymbol {\beta }$


$\boldsymbol {\mathcal {B}}$


$\boldsymbol {\beta }$


\begin {equation}x \xrightarrow {\mathcal {P}} -x. \label {Xeqn114-G.1}\end {equation}


$\mathcal {P}$


\begin {equation}k \xrightarrow {\mathcal {P}} -k. \label {Xeqn115-G.2}\end {equation}


$M_{\rm eff}(\omega ,k)$


$\mu _{\rm eff}(\omega ,k)$


$\kappa _{\rm eff}(\omega ,k)$


$\gamma _{\rm eff}(\omega ,k)$


$x = 0$


$F_{\rm eff}(\omega ,k)$


$J_{\rm eff}(\omega ,k)$


$\gamma _{\rm eff}(\omega ,k)$


$\varphi _{\rm eff}(\omega ,k)$


$x = 0$


$M_{\rm eff}(\omega ,k)$


$\mu _{\rm eff}(\omega ,k)$


$\kappa _{\rm eff}(\omega ,k)$


$\gamma _{\rm eff}(\omega ,k)$


$F_{\rm eff}(\omega ,k)$


$J_{\rm eff}(\omega ,k)$


$\gamma _{\rm eff}(\omega ,k)$


$\varphi _{\rm eff}(\omega ,k)$


\begin {equation}\begin {aligned} M_{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} M_{\rm eff}(\omega ,-k), \\ F_{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} -F_{\rm eff}(\omega ,-k), \\ \mu _{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} \mu _{\rm eff}(\omega ,-k), \\ J_{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} -J_{\rm eff}(\omega ,-k), \\ \end {aligned} \quad \begin {aligned} \kappa _{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} \kappa _{\rm eff}(\omega ,-k), \\ \gamma _{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} -\gamma _{\rm eff}(\omega ,-k), \\ v_{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} v_{\rm eff}(\omega ,-k), \\ \varphi _{\rm eff}(\omega ,k) & \xrightarrow {\mathcal {P}} -\varphi _{\rm eff}(\omega ,-k). \end {aligned} \label {Xeqn116-G.3}\end {equation}


$\boldsymbol {\mathcal {E}} = [\boldsymbol {\varepsilon },\mathbf {p}]^T$


$\boldsymbol {\Sigma }=[\boldsymbol {\sigma },\mathbf {v}]^T$


\begin {equation}\label {eff_constitutive3} \boldsymbol {\mathcal {E}}=\boldsymbol {\mathcal {S}} \boldsymbol {\Sigma }.\end {equation}


\begin {equation}\boldsymbol {\Sigma }(\omega ,-k) = \mathbf {P} \boldsymbol {\Sigma }(\omega ,k), \quad \boldsymbol {\mathcal {E}}(\omega ,-k) = \mathbf {P} \boldsymbol {\mathcal {E}}(\omega ,k) \label {Xeqn118-G.5}\end {equation}


$\kappa $


\begin {equation}\label {p_op} \mathbf {P} = \left [\begin {array}{cccc} 1 & 0 & 0 & 0 \\ 0 & -1 & 0 & 0 \\ 0 & 0 & 1 & 0 \\ 0 & 0 & 0 & -1 \end {array}\right ]\end {equation}


\begin {equation}\boldsymbol {\mathcal {E}}(\omega ,-k)= \boldsymbol {\mathcal {S}}(\omega ,-k) \boldsymbol {\Sigma }(\omega ,-k) \label {Xeqn120-G.7}\end {equation}


\begin {equation}\label {p_eq3} \boldsymbol {\mathcal {S}}(\omega ,-k) = \mathbf {P} \boldsymbol {\mathcal {S}}(\omega ,k) \mathbf {P}^{-1}\end {equation}


\begin {equation}\boldsymbol {\mathcal {S}}(\omega ,-k) = \left [\begin {array}{cccc} \mathcal {S}_{11}(\omega ,k) & -\mathcal {S}_{12}(\omega ,k) & \mathcal {S}_{13}(\omega ,k) & -\mathcal {S}_{14}(\omega ,k) \\ -\mathcal {S}_{21}(\omega ,k) & \mathcal {S}_{22}(\omega ,k) & -\mathcal {S}_{23}(\omega ,k) & \mathcal {S}_{24}(\omega ,k) \\ \mathcal {S}_{31}(\omega ,k) & -\mathcal {S}_{32}(\omega ,k) & \mathcal {S}_{33}(\omega ,k) & -\mathcal {S}_{34}(\omega ,k) \\ -\mathcal {S}_{41}(\omega ,k) & \mathcal {S}_{42}(\omega ,k) & -\mathcal {S}_{43}(\omega ,k) & \mathcal {S}_{44}(\omega ,k) \end {array}\right ] \label {Xeqn122-G.9}\end {equation}


$\boldsymbol {\mathcal {S}}(\omega , -k)$


$\boldsymbol {\mathcal {S}}(\omega , k)$


\begin {equation}\label {P_sym_con} \begin {array}{cccc} \mathcal {S}_{11}(\omega ,-k) =\mathcal {S}_{11}(\omega ,k), & \mathcal {S}_{12}(\omega ,-k) = -\mathcal {S}_{12}(\omega ,k), & \mathcal {S}_{13}(\omega ,-k) = \mathcal {S}_{13}(\omega ,k)& \mathcal {S}_{14}(\omega ,-k) = -\mathcal {S}_{14}(\omega ,k),\\ \mathcal {S}_{21}(\omega ,-k) = -\mathcal {S}_{21}(\omega ,k), & \mathcal {S}_{22}(\omega ,-k) = \mathcal {S}_{22}(\omega ,k), & \mathcal {S}_{23}(\omega ,-k) =-\mathcal {S}_{23}(\omega ,k), &\mathcal {S}_{24}(\omega ,-k) =\mathcal {S}_{24}(\omega ,k), \\ \mathcal {S}_{31}(\omega ,-k) =\mathcal {S}_{31}(\omega ,k), & \mathcal {S}_{32}(\omega ,-k) =-\mathcal {S}_{32}(\omega ,k), & \mathcal {S}_{33}(\omega ,-k) = \mathcal {S}_{33}(\omega ,k), & \mathcal {S}_{34}(\omega ,-k) =-\mathcal {S}_{34}(\omega ,k), \\ \mathcal {S}_{41}(\omega ,-k) = -\mathcal {S}_{41}(\omega ,k), &\mathcal {S}_{42}(\omega ,-k)=\mathcal {S}_{42}(\omega ,k), & \mathcal {S}_{43}(\omega ,-k)=-\mathcal {S}_{43}(\omega ,k), & \mathcal {S}_{44}(\omega ,-k) = \mathcal {S}_{44}(\omega ,k). \end {array}\end {equation}


$k\neq 0$


$k = 0$


$k \rightarrow 0$


\begin {equation}\mathcal {S}_{12}(\omega ) = \mathcal {S}_{13}(\omega ) = \mathcal {S}_{21}(\omega ) = \mathcal {S}_{24}(\omega ) = \mathcal {S}_{31}(\omega ) = \mathcal {S}_{34}(\omega ) = \mathcal {S}_{42}(\omega ) = \mathcal {S}_{43}(\omega ) = 0 \label {Xeqn124-G.11}\end {equation}


$k=0$


$\mathcal {S}_{14}(\omega )$


$\mathcal {S}_{23}(\omega )$


$\mathcal {S}_{32}(\omega )$


$\mathcal {S}_{41}(\omega )$


$\beta _{21}$


$t$


$t' \le t$


$c$


\begin {equation}\boldsymbol {\mathcal {S}}(x,t) = 0 \quad \text {for } t < 0 \ \text {or} \ |x| > c t, \label {Xeqn126-H.1}\end {equation}


$|x|\le ct$


$t' \le t$


$(x,t)$


\begin {equation}\boldsymbol {\mathcal {E}}(x,t) = \int _{0}^{t} \mathrm {d}t' \int _{-c t'}^{c t'} \mathrm {d}x'\, \boldsymbol {\mathcal {S}}(x-x',t-t')\,\boldsymbol {\Sigma }(x',t'), \label {Xeqn127-H.2}\end {equation}


$c$


$c = 1$


$k \to \infty $


$c=1$


$t' \in [0,t]$


$|x' - x| \le c(t-t')$


$x$


$t$


$x$


$(k,\omega )$


\begin {equation}\boldsymbol {\mathcal {E}}(k,\omega ) = \boldsymbol {\mathcal {S}}(k,\omega )\,\boldsymbol {\Sigma }(k,\omega ), \label {Xeqn128-H.3}\end {equation}


\begin {equation}\boldsymbol {\mathcal {S}}(\omega ,k) = \int _{0}^{\infty } \mathrm {d}t \int _{-c t}^{c t} \mathrm {d}x\, \boldsymbol {\mathcal {S}}(x,t)\,e^{i(\omega t + k x)}, \label {Xeqn129-H.4}\end {equation}


$t>0$


$|x|\le ct$


\begin {equation}\boldsymbol {\mathcal {S}}(x,t) = \frac {1}{4\pi ^{2}}\int _{-\infty }^{\infty }\!\!\int _{-\infty }^{\infty } \boldsymbol {\mathcal {S}}(\omega ,k)\,e^{-i(\omega t + k x)} \,\mathrm {d}\omega \,\mathrm {d}k \label {Xeqn130-H.5}\end {equation}


$\boldsymbol {\mathcal {S}}(x,t)$


\begin {equation}\begin {aligned} \boldsymbol {\mathcal {S}}(\omega , k) &= \int _{0}^{\infty } \mathrm {d}t \, e^{i \omega t} \int _{-c t}^{c t} \mathrm {d}x \, e^{i k x}\, \boldsymbol {\mathcal {S}}(x,t) \\ &=\frac {1}{4 \pi ^2} \int _{0}^{\infty } \mathrm {d}t \, e^{i \omega t} \int _{-c t}^{c t} \mathrm {d}x \int _{-\infty }^{\infty } \!\!\int _{-\infty }^{\infty } \boldsymbol {\mathcal {S}} \left (\omega ^{\prime }, k^{\prime }\right ) e^{-i \omega ^{\prime } t-i k^{\prime } x+i k x} \mathrm {d} \omega ^{\prime } \mathrm {d} k^{\prime } \\ &=\frac {1}{4 \pi ^2} \int _{-\infty }^{\infty } \!\!\int _{-\infty }^{\infty } \boldsymbol {\mathcal {S}} \left (\omega ^{\prime }, k^{\prime }\right ) \mathrm {d} \omega ^{\prime } \mathrm {d} k^{\prime } \int _0^{\infty } \mathrm {d}t \, e^{i\left (\omega -\omega ^{\prime }\right ) t} \int _{-c t}^{c t} \mathrm {d}x \, e^{i\left (k-k^{\prime }\right ) x} \\ &=\frac {1}{4 \pi ^2} \int _{-\infty }^{\infty } \!\!\int _{-\infty }^{\infty } \boldsymbol {\mathcal {S}} \left (\omega ^{\prime }, k^{\prime }\right ) \mathrm {d} \omega ^{\prime } \mathrm {d} k^{\prime } \int _0^{\infty } \frac {1}{i\left (k-k^{\prime }\right )} \left [ e^{i\left (\omega -\omega ^{\prime }+c k-c k^{\prime }\right ) t} - e^{i\left (\omega -\omega ^{\prime }-c k^{\prime }-c k\right ) t}\right ] \mathrm {d} t . \end {aligned} \label {Xeqn131-H.6}\end {equation}


$i\delta $


$\delta >0$


\begin {equation}\begin {aligned} \boldsymbol {\mathcal {S}}(\omega , k) &=\frac {1}{4 \pi ^2} \int _{-\infty }^{\infty } \!\!\int _{-\infty }^{\infty } \frac {\boldsymbol {\mathcal {S}}\left (\omega ^{\prime }, k^{\prime }\right )} {i\left (k-k^{\prime }\right )} \left [\frac {-1}{i\left (\omega -\omega ^{\prime } +c(k-k^{\prime })+i \delta \right )} +\frac {1}{i\left (\omega -\omega ^{\prime } +c(k^{\prime }-k)+i \delta \right )}\right ] \mathrm {d} \omega ^{\prime } \mathrm {d} k^{\prime } \\ &\;=-\frac {1}{2 \pi ^2} \int _{-\infty }^{\infty } \!\!\int _{-\infty }^{\infty } \frac {\boldsymbol {\mathcal {S}} \left (\omega ^{\prime }, k^{\prime }\right )} {\left (\omega -\omega ^{\prime } +c(k^{\prime }-k)+i \delta \right ) \left (\omega -\omega ^{\prime } +c(k-k^{\prime })+i \delta \right )} \mathrm {d} \omega ^{\prime } \mathrm {d} k^{\prime }. \end {aligned} \label {Xeqn132-H.7}\end {equation}


$\boldsymbol {\mathcal {S}}(\omega ,k)$


$\omega $


$k$


\begin {equation}\boldsymbol {\mathcal {S}}(\omega , k) =\frac {1}{2\pi i} \int _{-\infty }^{\infty } \frac {\boldsymbol {\mathcal {S}}\!\left (\omega ^{\prime }, \,k+(\omega ^{\prime }-\omega )/c\right )} {\omega ^{\prime }-\omega -i \delta }\, \mathrm {d} \omega ^{\prime }. \label {Xeqn133-H.8}\end {equation}


\begin {equation}\begin {aligned} \operatorname {Re}\big [\boldsymbol {\mathcal {S}}(\omega , k)\big ] &=\frac {1}{\pi } \mathcal {P} \int _{-\infty }^{\infty } \frac {\operatorname {Im}\!\left [\boldsymbol {\mathcal {S}}\!\left (\omega ^{\prime }, \,k+(\omega ^{\prime }-\omega )/c\right )\right ]} {\omega ^{\prime }-\omega }\, \mathrm {d} \omega ^{\prime }, \\ \operatorname {Im}\big [\boldsymbol {\mathcal {S}}(\omega , k)\big ] &=-\frac {1}{\pi } \mathcal {P} \int _{-\infty }^{\infty } \frac {\operatorname {Re}\!\left [\boldsymbol {\mathcal {S}}\!\left (\omega ^{\prime }, \,k+(\omega ^{\prime }-\omega )/c\right )\right ]} {\omega ^{\prime }-\omega }\, \mathrm {d} \omega ^{\prime }. \end {aligned} \label {Xeqn134-H.9}\end {equation}


$c\rightarrow \infty $


$k$


\begin {equation}\begin {aligned} \operatorname {Re}\big [\boldsymbol {\mathcal {S}}(\omega , k)\big ] &=\frac {1}{\pi } \mathcal {P} \int _{-\infty }^{\infty } \frac {\operatorname {Im}\big [\boldsymbol {\mathcal {S}}\left (\omega ^{\prime }, k\right )\big ]} {\omega ^{\prime }-\omega }\, \mathrm {d} \omega ^{\prime }, \\ \operatorname {Im}\big [\boldsymbol {\mathcal {S}}(\omega , k)\big ] &=-\frac {1}{\pi } \mathcal {P} \int _{-\infty }^{\infty } \frac {\operatorname {Re}\big [\boldsymbol {\mathcal {S}}\left (\omega ^{\prime }, k\right )\big ]} {\omega ^{\prime }-\omega }\, \mathrm {d} \omega ^{\prime }. \end {aligned} \label {Xeqn135-H.10}\end {equation}
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and Shmuel, 2020a; Lee et al., 2023; Baz, 2024; Muhafra et al., 2023), enabling advanced wave control strategies including cloaking
(Milton et al., 2006; Chen and Haberman, 2023), asymmetric reflection (Liu et al., 2019; Muhlestein et al., 2017), polarization con-
version (Qu et al., 2022), and independent tuning of reflection and transmission (Chen et al., 2020). In passive systems, strong Willis
coupling is typically achieved through local resonances, which are inherently narrowband and limited in tunability. By contrast,
active systems introduce programmable and broadband control via artificially active scatterers. Unlike passive counterparts, active
systems generate non-Hermitian behavior by introducing controlled gain and/or loss mechanisms that break the energy-conserving
nature of conventional dynamics. This is typically achieved by integrating external energy sources, such as feedback control loops or
amplification circuits, into the physical structure of the system. For example, elastic metabeams integrated with piezoelectric circuits
provide a tractable and highly tunable platform for realizing various non-Hermitian wave effects, including skin modes (Chen et al.,
2021), odd mass density (Wu et al., 2023), temporal reflections (Wang et al., 2025), rainbow trapping (Chen et al., 2022), nonlinearity
induced topological waves (Qian et al., 2025), and topological pumping (Xia et al., 2021). In particular, (Chen et al., 2020) realize
nonreciprocal coupling in a piezoelectric beam through asymmetric feedforward control, effectively creating a non-Hermitia Willis
metasurface. Recent efforts in active acoustic Willis media demonstrate gain and directionality using parameter retrieval methods
(Cheng and Hu, 2022; Zhai et al., 2019), yet a comprehensive homogenization theory that incorporates dynamic and active mi-
crostructure effects remains largely unexplored. Among existing methods, only source-driven homogenization-originally formulated
for passive materials-can systematically incorporate active and asymmetric scatterers, thereby providing a pathway to developing
effective Willis constitutive relations (Sieck et al., 2017; Chen et al., 2020; Li et al., 2024).

On the other hand, non-Hermitian systems exhibit unique wave phenomena absent in traditional Hermitian physics. One such
phenomenon is the non-Hermitian skin effect (NHSE), wherein bulk eigenmodes become exponentially localized near a boundary
(Yao and Wang, 2018). The presence of NHSE challenges the validity of conventional Bloch band theory, prompting the development
of non-Bloch band theory, which extends the wavenumber into the complex plane. Within this framework, the generalized Brillouin
zone (GBZ) replaces the standard Brillouin zone, serving as a key analytical tool to determine the onset, strength, and direction
of mode localization in non-Hermitian systems. While non-Bloch band theory provides a rigorous foundation for analyzing mode
localization in non-Hermitian systems, most recent studies on non-Hermitian acoustic and elastic metamaterials (Chen et al., 2021;
Wang et al., 2024; Wu et al., 2024) focus on the observation and characterization of skin modes and winding numbers without
incorporating GBZ-based analysis. Moreover, these studies typically rely on local constitutive models, which neglect frequency (tem-
poral) and wavenumber (spatial) dispersion. This omission leads to incomplete dispersion spectra-particularly at high frequencies
or short wavelengths-limiting the accurate computation of winding numbers and the characterization of spectra under open bound-
ary conditions (OBC). Willis media provide a rigorous theoretical framework for modeling both frequency and spatial dispersion
in elastic continua, which makes them promising candidates for defining spectral winding numbers and characterizing skin modes
in non-Hermitian systems. Nevertheless, the application of Willis theory to active, non-Hermitian systems, and particularly to the
formulation of generalized bulk-boundary correspondences and non-Bloch band theory, remains largely unexplored.

In this work, we develop a nonlocal, non-Hermitia Willis effective model to describe the global dynamic behavior of active
metabeams. By employing dynamic source-driven homogenization, we establish a rigorous link between microscopic active scat-
terers and macroscopic constitutive relations. These scatterers, realized through sensor-actuator pairs with programmable transfer
functions, enable tunable, directional, and frequency-dependent interactions. The resulting Willis model is validated against full-
scale simulations of the microstructured beam, demonstrating excellent agreement with both the real and imaginary components
of the dispersion relations across the full Brillouin zone. The model accurately captures a range of distinctive non-Hermitian wave
phenomena, including low-frequency shear-enhanced flexural modes, strong nonreciprocity, and skin modes under OBC. To further
understand the spectral topology, we perform an asymptotic analysis to construct a non-Bloch band theory, which facilitates an-
alytical computation of the GBZ and establishes a bulk-boundary correspondence that directly connects spectral winding numbers
to the localization direction and intensity of skin modes. Notably, this framework provides a closed-form analytical pathway that
bypasses the need for numerical GBZ reconstruction, offering a predictive, tunable, and efficient tool for the design and analysis of
non-Hermitian metamaterials based on extended Willis dynamics.

2. Dynamic homogenization of the metabeam with active scatterers

In this section, we develop a dynamic homogenization framework for a metabeam composed of periodically distributed active or
self-sensing scatterers, as illustrated in Fig. 1(a). To capture Willis coupling effects, we assume that these active elements generate
generalized symmetric and asymmetric loads-such as linear moments and velocities-in response to locally sensed fields, enabling
programmable scattering behavior. Each scatterer is modeled as a point source governed by a local polarizability tensor within
the Timoshenko beam theory (Fig. 1(d)), and interacts with others through long-range multiple scattering (Fig. 1(e)). Because the
active elements exert controlled force and torque inputs, each scatterer effectively serves as a localized source of linear and angular
momentum as well as mechanical energy. Under external excitation, the total wave field is decomposed into the background field in
the host beam (Fig. 1(b)) and the combined local and multiple scattering fields from the active elements (Fig. 1(c)), yielding a dynamic
Willis effective beam that captures the collective macroscopic response (Fig. 1(f)). Note that passive scattering are ignored as they
are of significantly lower amplitude than the actively scattered fields, due to the deep subwavelength geometry of active scatterers.
The homogenization procedure begins with the Timoshenko beam equations, which serve as the theoretical foundation (Section 2.1).
It is important to mention that the scattering properties of the active scatterer presented here cannot be properly captured using the
simple Euler beam theory because it lacks the degrees of freedom associated with Willis coupling. Section 2.2 discusses the metabeam
response that combines both microscale local behavior and mesoscale multiple scattering. Section 2.3 presents the derivation of the
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Fig. 1. Schematic of dynamic Willis homogenization in an active metabeam system. (a) A metabeam with periodically embedded active scatterers,
subjected to external excitation. (b)-(c) The total response comprises the intrinsic response of the host beam (b) and the local plus multiple scattering
effects introduced by the active elements (c). (d) Each active scatterer senses the local field vector u;,. and generates a generalized actuation vector
Q, = Puy,, enabling programmable active scattering. (e) Illustration of multiple scattering across the array. (f) The metabeam and active scatterers
in (a) are homogenized into a Willis effective beam via Willis homogenization framework.

effective constitutive relations. Finally, Section 2.4 formulates the nonlocal governing equations and the associated boundary value
problem (BVP).

2.1. General equations of the Timoshenko beam

Consider a Timoshenko beam characterized by mass density p, Young’s modulus E, and shear modulus G. The bending curvature
K, shear strain y, rotational angle y, and transverse displacement w satisfy the following geometric relations
K =0,y +p,
x (€Y
y=0w—y+s,
where p and s represent the external curvature load and shear load, respectively. The material’s response is governed by the balance

of linear momentum y and angular momentum J (Yao et al., 2009; Chen et al., 2020)
on=0F—Ff,

2

0,J =0.M+F —q, (2)

where F denotes the shear force, M represents the bending moment, and f and q correspond to the transverse body force and external
body torque, respectively. The general constitutive relation of the Timoshenko beam is given by Yao et al. (2009), Chen et al. (2020)

K 1/Dy 0 0 0 M
0 1/G 0 0 F
ol /Gy i 3)
H 0 0 o O o,w
J 0 0 0 I o,y

where D, is the bending stiffness, G, is the shear stiffness, I, is the moment of inertia, and pj, is the line mass density. These parameters
are defined as Dy = EI, G, = k,AG, I, = pI, and p, = pA, where A is the cross-sectional area, k, is the Timoshenko shear coefficient
(taken as 5/6), I is the second moment of area, and p is the material density. In frequency-wavenumber domain ¢/**~®)_ the general
governing equations can be written in matrix form for the state vector

$(w,ku=Q, 4
where
1/D, 0 0 —ik M p
_ 0 1/G, —ik 1 | F | s
= 0 ik @?p, o [ "= » | Q= 7l (5)
ik 1 0 a)ZIO W q

where ¢ denotes the operator appearing in the governing equations of the Timoshenko beam, u is the state vector representing the
beam’s generalized degrees of freedom, and Q is the actuation vector representing the applied external loading. Moreover, the ¢
satisfies the following symmetry conditions:

$(@,k) =" (—w, k), {0, k) =" (—0,=k), L@,k = ¢(-w, k). ©)]
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Under the incident wave, as illustrated in the top panel of Fig. 1(b), the general equations of the homogeneous host beam can be
expressed in the state vector as

Suy = Qe )

where w;, denotes the incident response of the host beam, and Q,,; indicates the incident excitation.

2.2. Response of the metabeam with active scatterers

For the active beam with periodically distributed scatterers under the incident excitation, as illustrated in the middle panel of
Fig. 1(a), the total scattering wave field consists of two parts: (i) the local scattering generated by the active scatterers (Fig. 1(d)),
and (ii) the multiple scattering effects resulting from their periodic arrangement (Fig. 1(e)). The active scatterers in Fig. 1(d) detect
the local state vector uy,. and generate the actuation vector Q, to the beam. In the frequency domain, the local actuation vector is
related to the local state vector through the polarizability tensor as shown in Fig. 1(d) (Chen et al., 2020),

Q) = (@), (8)

where the tensor f(w) represents a frequency-dependent polarizability tensor with the component f;; being an ith actuated loading
QB by the active scatterer in response to a jth sensing field u{oc' For example, f,, indicates that the active scatterer excites a curvature
load p in response to a sensed bending moment field M;,., while p,; corresponds to a shear load s induced by the same input
field. By leveraging circuit-based control, each element of the local constitutive matrix can be independently modulated, enabling the
implementation of arbitrary frequency-dependent responses-including positive or negative values, real or imaginary components, and
non-Hermitian configurations. Consequently, the macroscopic constitutive relations-derived through homogenization and governed
by the polarizability tensor-inherit their tunability and complexity directly from the microscale response. By selecting appropriate
elements of f(w), one can prescribe desired macroscopic behaviors, including non-Hermitian, frequency-dispersive, symmetry broken,
and nonreciprocal effects.

Next, the multiple scattering theory is then implemented to study the multiple scattering from the periodically distributed active
scatterers, as illustrated on Fig. 1(e) (Wang et al., 1993; Leung and Qiu, 1993; Liu et al., 2000; Martin, 2006). The state vector
response at position x due to a point source Q(x’) = 6(x’ — nL)Q,, located at x’ = nL is given by

u(x) = G(w,x —nL)Q,. (C)]

where Green’s function G in the frequency domain is derived in Appendix A. Applying the Bloch’s theorem to the actuation vector
Q,, (Sieck et al., 2017), we have

Qn — eiknLQO’ (10)

Therefore, the total local field u),. at x = 0 is the superposition of the local fields generated by active scatterers and the incident field
of the host beam uy,

o = U, + ). G(@,0 - nL)Q, = uy +S(@, k)Qy, 1)

nez

where the scattering matrix is defined as

S(w, k) = Z G(w,0 — nL)e/kL. 12)

nez

By applying the symmetry condition of the Green’s function in Eq. (A.16), we find that the scattering matrix S satisfies the following
symmetry properties:

S(w, k) = §*(—w,—k), S(w, k) =8"(~w,—k), S(w,k) =S(-w, k). (13)

Applying Bloch’s theorem to the actuation vector Q,, in Eq. (10), the multiple scattering matrix becomes (Sieck et al., 2017; Shore
and Yaghjian, 2007)

S(w, k) = Z R, (=nL)B,(—nL)T e~InLIk1 ikl o RZ(_nL)Bz(_nL)Te—MLUczeiknL]

nez

~ o et 1 of  efLlk=k) 1
=R,;(1)B;(1) <1_e—'T+k) + 5 +R;(-DB;(-1) m + E (14)

—L(ky+ik L(ik—k
+ Rz(l)Bz(l)T<$ + 1> Rz(—l)Bz(—l)T(LZ)) + %)

1 — ¢~ Llkatik) — 2 1 — eL(ik=ky
where R, (x), R,(x), B (x), and B,(x) are given in Appendix A and only depend on the sign of the spatial coordinate x.
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2.3. Homogenization method towards the Willis effective beams

Following the source-driven homogenization theory, the homogenization method of the active beam is presented, where the
actuation vector is represented by an effective actuation vector Q., as shown in the bottom panel of Fig. 1(b). Following Eq. (4) in
the beam, the governing equations of the homogenized active beam in the state vector are then given by

Cuegr + Qefr = Qexr- (15)

where u.¢ denotes the effective field that incorporates the responses of both the host beam and the active scatterers. This effective
field plays the same role as the unit-cell-averaged field in classical homogenization, but here it is introduced as an unknown vector
to be determined, following Sieck et al. (2017). The rationale for introducing . is fully consistent with the Willis framework and
related homogenization studies (Willis, 2011; Alti, 2011; Nassar et al., 2015; Norris et al., 2012): our effective field can be regarded
as equivalent to the ensemble-averaged field commonly used in Willis-type formulations (Willis, 2011; Nassar et al., 2015). Plus, Q.
is an unknown actuation vector that depends on the local and multiple scattering waves of the active scatterers to be determined in
the following.

In addition, the effective actuation vector Q. relates to the microscopic point actuation vector Q, at x = 0 by applying spatial
averaging as (Sieck et al., 2017; Chen et al., 2020; Alt, 2011)

12
Q=1 [ s000yax= % 16)
1 )p 1

where / is the unit cell length. Specifically, Q. is a distributed load density (force or moment per unit length), whereas Q, is a
concentrated load. Here, a point-source approximation is used, which is valid only when the unit-cell length scale exceeds the near-
field region of the scattered wave. As illustrated in Fig. F.13, the near-field pattern generated by the extended actuator differs from that
of an ideal point source in a small neighborhood of the actuator. To confine this mismatch within a single cell, the unit-cell size must
be chosen larger than the near-field region, so that the macroscopic description samples only the far-field-like part of the scattered
wave. In our design this condition is satisfied, but it also implies that the unit cell cannot be made arbitrarily small: Eq. (16) does
not resolve sub-cell spatial variations of Q,(x), and its validity is restricted to regimes where the actuator can be treated as effectively
point-like at the scale of the homogenized beam.

It is worth noting that Eq. (7) is not an alternative to Eq. (15) but the microscopic equation that generates the host background
field entering the scattering problem. Eq. (15) belongs to the homogenized description obtained from Eqgs. (7), (8), (11), (15) and
(16), and therefore cannot, by itself, serve as the sole starting point for obtaining the effective constitutive relations. Using Eqs. (7),
(8), (11), (15) and (16), we then derive the effective constitutive relation, with detailed steps provided in the Appendix B.

Qe = Kuggy, a7

where K is the macroscopic polarizability tensor satisfying

K=[m-15-p¢"]7'p. (18)

For the source-driven formulation, the effective constitutive coefficients are uniquely determined and independent of the particular
excitation once the polarization are specified, in contrast to source-free or retrieval-based descriptions (All, 2011; Sieck et al., 2017).
Therefore, Eqs. (7), (8), (11), (15), and (16) are inhomogeneous and admit unique solutions, so the macroscopic polarizability tensor
is uniquely determined. If 8 is nonsingular, Eq. (18) simplifies to

K=[p"-18-¢"". 19

The macroscopic polarizability tensor K(w, k) depends on both frequency and wavenumber. Each element K;; characterizes the
generation of an effective source component Qé ¢ Dy the effective medium in response to an effective field component ui g FOr
instance, K|, indicates that the effective medium generates a curvature p.¢ in response to an effective bending moment Mg, while
K5, corresponds to an effective shear s ¢ induced by the same bending moment field. In general, each element K;; of the macroscopic
polarizability tensor is directly related to the corresponding element f;; of the local polarizability tensor. To realize a nonzero K;;, it
is necessary to implement a nonzero f;; at the microscopic level.

Meanwhile, the symmetry properties of the macroscopic polarizability tensor K(w, k) are governed by those of the microscopic
polarizability tensor f(w). In this study, the microscopic tensor f(w) breaks a key symmetry condition:

Bo) # BT (—w), (20)
while preserving the real-valued condition and time-reversal symmetry:
Bw) = p*(-w), P(w)=p(-w). (21)

Given the symmetry conditions of the homogenized stiffness operator ¢(w, k) in Eq. (6) and the scattering matrix S(w, k) in Eq. (13),
the macroscopic polarizability tensor K(w, k) inherits the following properties:

K(w, k) = K*(—0,—k), K@, k) # KT (0, —k), K(o, k) = K(-o, k), (22)
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Substituting Eq. (17) into Eq. (15) in the absence of the incident wave and comparing it with Eq. (3), we obtain a general
constitutive relation of the active metabeams in the matrix form

Keff 1/Dy + Ky K, K3/ (—iw) K4/ (—iw) M ¢
Yerr | _ K 1/Go + Ky Ky /(—iw) Ky /(—iw) Fegr (23)
Heff Ky /(—iw)  Kyp/(-iw)  py+ Ks3/(—0?) K3y /(%) Vegf
Jett Ky /(—iw) Ky /(-iw) Ky3/(-0?) Iy + Ky /(0% Pett

where v ¢ and @ represent the velocity and angular velocity, respectively, satisfying v s = wer and @qpp = Ypp in the time domain,
and v = —iowes and @ = —iwy, in the frequency domain. When g = 0, the macroscopic polarizability K also vanishes, and the
effective constitutive relations reduce to the diagonal form corresponding to a classical Timoshenko beam. Using these relations, we
rewrite Eq. (23) in the Willis-type effective constitutive relations as

[;]:[g]:”:] 24)

where
_ | xerr | Hert _ | Meer ] _ [ Veff ] o5
¢ [ Yeff ],p [ Jerr ]’6 [ Ferr Y Perr | 23
and
S = [ —1/Dy + Ky Ky, ] B = [ K3/ (—io) Ky /(=iw)
K, 1/Gy + Ky, Ky /(=iw)  Ky/(=iw) |’ 26)
_ [ K3 /(-iw) K3 /(-iw) ] p= [ po + Ks3/(=a?) K3y /(=0?) ]
Ky /(—iw)  Kyy/(=iw) |’ Ky3/(-0?) Iy+ Ky /(-0?) |

where S and p denotes as the effective stiffness and density tensors of the active metabeam, and B and D are the Willis coupling tensors.
In previous studies (Willis, 2011; Nassar et al., 2015), the constitutive relation in Eq. (24) is not unique in the periodic case, because
the macroscopic kinematic fields (strain and velocity) are both derived from the same displacement field. Introducing an eigenstrain
makes strain and velocity independent and restores uniqueness; once the eigenstrain is specified, a unique set of Willis constitutive
relations follows. Our source-driven formulation, in which the constitutive relation is unique, can be interpreted as working in a
particular eigenstrain gauge y = 0: the effective fields play the role of eigenstrain-fixed variables, and no additional eigenstrain field
is introduced explicitly. In this sense, our results correspond to one specific, well-defined choice of eigenstrain, and the resulting
Willis parameters are uniquely determined by the hierarchical model. Based on the symmetry properties of the polarization tensor
K(w) in Eq. (22), the effective constitutive tensors satisfy the real-valued conditions

S(@,k) =S*(~w, =k), B(w, k) =B*(~0,~k), D@ k) =D"(-w,~k), plo,k) =p"(-0,~k), (27)
the time-reversal symmetry

S(w, k) =S(-w, k), B(w,k) = -B(-w, k), D, k) =-D(-w,k), p(w,k)=p-o,k), (28)
and the violation of major symmetry

S(@, k) # 8" (-w,—k), B(w,k) # -D' (-0, k), p(w,k) # p’ (~w, k). (29)
Furthermore, combining Eq. (28) and Eq. (29) leads to the violation of Maxwell-Betti reciprocity

S, k) # 8" (@,—k), B(w, k) # D" (w,—k), plw,k) # p’ (0, —k). (30)

In our study, the asymmetry of the effective compliance and Willis matrices originates from the asymmetry of the local polarizability
tensor in Eq. (20). Physically, a non-symmetric f means that different components of the local state . drive the actuator Q, in
an unbalanced way, so that the response in one direction is not reciprocally matched by the conjugate direction; this lack of balance
manifests, after homogenization, as asymmetric elastic and Willis couplings. By contrast, the effective density tensor governs the
relation between generalized momentum and velocity, and within the present point-actuator model do not directly implement such
momentum-velocity cross couplings. As a result, an asymmetric density tensor cannot be generated solely through g and instead
requires dedicated inertial mechanisms, such as those realized in our previous work on odd density media (Wu et al., 2023). To
preserve a Hermitian effective description, one must enforce the symmetry condition in Eq. (20), which yields symmetric effective
constitutive tensors.

Meanwhile, to clarify the role of spatial symmetry, we carry out a parity analysis of the effective constitutive matrix (see Ap-
pendix G). In one dimension, parity corresponds to the inversion x — —x (or k — —k in reciprocal space). In general, the breakdown
of parity symmetry is accompanied by the breakdown of the major symmetry conditions summarized in Fig. 2, because violating
major symmetry requires nonreciprocal couplings, which also break momentum-inversion symmetry. In our active metabeam, the
sensor-actuator feedback produces a nonzero f,, (w), which breaks the microscopic parity condition in Eq. (G.12). This asymmetry
propagates to the macroscopic constitutive tensor, leading to broken parity symmetry and major symmetry.

The effective constitutive matrix in Eq. (24) depends on both frequency and wavenumber and thus encodes temporal and spatial
nonlocality. Nevertheless, the underlying medium remains causal: the response kernel in Eq. (24) vanishes for r < 0 and outside the
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Non-Hermitian Non-Hermitian Non-Hermitian
dynamics Willis coupling Elasticity

p(w, k) # pT(—w,—k) \B(w, k) # —DT(—w, —k) S(w, k) # ST(—w, —k)

Fig. 2. Possible constitutive operators in elastodynamics with broken major symmetry. The broken major symmetry of the elastic tensor C(w, k) #
C" (-w, —k), density tensor p(w, k) # p’ (—w, —k), and Willis coupling tensor B(w, k) # —D” (—w, —k) leads to the non-hermitian media.

causal cone |x| > ct, where ¢ is the maximal group velocity of the Timoshenko beam. As shown in Appendix H, this causal support
implies that S(w, k) is analytic in the upper half of the complex w-plane for fixed k, and the real and imaginary parts of S(w, k) are
linked by a wavenumber-dependent Kramers-Kronig relation. In the limit ¢ — oo, these expressions reduce to the standard frequency-
only Kramers-Kronig formulas, recovering the usual Hilbert-transform relation between the real and imaginary parts of the effective
moduli.

Egs. (27), (28), and (29) serve as the fundamental symmetry constraints in the macroscopic description, while Eq. (30) can be
derived from them. Eq. (27) reflects the requirement that all physical fields in classical physics must be real-valued (Agranovich and
Ginzburg, 2013; Shokri and Rukhadze, 2019). Eq. (28) expresses time-reversal symmetry (Agranovich and Ginzburg, 2013; Shokri
and Rukhadze, 2019; Altman and Suchy, 2011). Moreover, Eq. (29) captures the breaking of major symmetry in the Willis effective
model. This broken major symmetry highlights the inherently non-Hermitian nature of Willis beams, as illustrated in Fig. 2. Finally,
Eq. (30) corresponds to the violation of the Maxwell-Betti reciprocity theorem, which results from the combined breaking of major
and time-reversal symmetries (Agranovich and Ginzburg, 2013; Shokri and Rukhadze, 2019; Pernas-Salomén and Shmuel, 2020b).

In our study, the asymmetry of the effective compliance and Willis matrices originates from the asymmetry of the local polariz-
ability tensor in Eq. (20). Physically, a non-symmetric g means that different components of the local state uy,. drive the actuator
Q, in an unbalanced way, so that the response in one direction is not reciprocally matched by the conjugate direction; this lack of
balance manifests, after homogenization, as asymmetric elastic and Willis couplings. By contrast, the effective density tensor governs
the relation between generalized momentum and velocity, and within the present point-actuator model does not directly implement
such momentum-velocity cross couplings. As a result, an asymmetric density tensor cannot be generated solely through g and instead
requires dedicated inertial mechanisms, such as those realized in our previous work on odd density media (Wu et al., 2023). To
preserve a Hermitian effective description, one must enforce the symmetry condition in Eq. (20), which yields symmetric effective
constitutive tensors.

Here, material properties depend on both frequency and wavenumber, indicating that the Willis effective metabeam exhibits
both frequency and spatial dispersion (Agranovich and Ginzburg, 2013). Frequency and wavenumber are treated as independent
variables, as discussed in Appendix C. In the space and time domains, the constitutive relations are expressed in the convolution form
as (Agranovich and Ginzburg, 2013; Jackson, 2012; Pernas-Salomén and Shmuel, 2020a).

t o /. ’ ’. / ! ’
et,x) | _ S(t,t,,x,X/) B(, t/,x, x’) G(I,,x,) d'dx’ (31)

p(, x) ot | D@ x, X"y pt 1 x, X" v, x")
If the medium’s properties remain constant over time (time-independent), translational symmetry in the time domain is preserved,
making the constitutive relation dependent only on the time difference  — ' (Agranovich and Ginzburg, 2013). Similarly, if the

medium is spatially uniform, the constitutive relation depends only on the spatial difference x — x’ (Agranovich and Ginzburg, 2013).
In summary, we obtain

en,x) | _ [ o] S¢-7,x=-x") B@-t,x-x") o(t', x") o
[ p(t. %) ] B /-oo /-m [ D1 x—x) pli—tx—x) || var.xy |9 (32)
2.4. Governing equations and the boundary value problem of the Willis effective beam

For the Willis effective metabeam, the effective governing equations in the space-time domain can be obtained by substituting the
constitutive relation in Eq. (32) into the general governing equations in Eq. (2) and Eq. (1) as

t 00
[ 0 Ox ]0'(1, x) + / / St—1t,x—xNo,x')+B@ —1t',x — x")o,w(t',x")d' dx' = q,
_ax 1 —o0 J oo

(33)
[ 0 9,

7} 1

X

t 00
]w(z, x) + 0, / / Dt -1, x—xNo(',x)+ pt —t,x —x)o,w(',x")d'dx' = q,
—00 [se]
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Symmetric Antisymmetric
-V

Fig. 3. Schematic of the metabeam architecture and its homogenization process. (a) Microstructure of a unit cell consisting of piezoelectric actuators
and control circuitry. The output voltages V,, = H,(w)V, and V,, = H,(w)V, are generated from the input sensor voltage V, through frequency-
dependent transfer functions H,(w) and H,(w). For general actuator voltages, the input can be decomposed into symmetric V, = (V,, + V,,)/2 and
antisymmetric V_ = (V,; — V,,)/2 components. The symmetric component produces bending curvature actuation, while the antisymmetric component
generates shear strain actuation. (b) Periodic assembly of unit cells into a composite finite metabeam with length L (top panel). The macroscopic
behavior is captured by a Willis effective beam (bottom panel) derived via Willis homogenization.

where w = [10,]7, q; = [Pexts Sext]” > @0d @y = [ foxi» dexe)” - In the frequency-wavenumber domain, the governing equations take the
form

Hueff = Qext’ (34)
where
0 0 0 —ik
0 0 —ik 1 S —iwB
H=
0o ik 0 0 |T| —ieD -w?p (3%)
ik 1 0 0

In this final form, Q. no longer appears explicitly on the right-hand side and is fully absorbed into the matrix H. In the absence of
an external source, the dispersion relations in terms of w and k are obtained by setting the determinant of the coefficient matrix to
zero

det(H) = 0. (36)

and the corresponding solution ug in Eq. (34) represents the eigenvector.

For the finite boundary problem, boundary conditions are required to determine the eigenfrequencies and eigenmodes of the
active metabeam. Based on the boundary conditions of the conventional Timoshenko beam, the most relevant boundary conditions
for the Willis effective metabeam are

Fixed : Werr =0, Wepp =0
Simply supported :  wes =0, My =0 (37)
Free : My =0, Fep =0

In the Willis effective media, the bending moment, shear force, displacement, and rotational angle are integrated into a state vector,
allowing them to be directly prescribed as boundary conditions. This approach eliminates the challenges of the conventional Willis
media framework, which involves second-order derivatives. In the traditional formulation, the constitutive relations in Eq. (24) ex-
press the bending moment and shear force in terms of displacement and rotational angle, making their boundary conditions nonlocal.
As a result, solving nonlocal boundary conditions analytically becomes intractable, requiring advanced numerical methods (Rabczuk
et al., 2023). In the present state-vector formulation, these quantities are treated as independent components of the effective field, so
all boundary variables are imposed locally at the boundary and no nonlocal scattering operators enter the boundary conditions.

A variational derivation for the boundary conditions is generally unavailable for odd elasticity and odd Willis media, where energy
conservation is broken. In conventional elasticity, the existence of a strain-energy density ensures that the elastic tensor equals the
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Fig. 4. Effective material properties and dispersion relations for symmetric and antisymmetric real transfer functions. (a-c) Symmetric case with
H,(w) = H,(w) = 0.05: (a) The effective stiffness S}, as a function of frequency and wavenumber. (b) Real and (c) imaginary parts of the dispersion
curves obtained from microstructure simulation without control (gray solid line), with control (purple dots), and predictions from the conventional
effective model (orange squares) and Willis effective model (blue solid line). (d-f) Antisymmetric case with H,(w) = —H,(w) = 0.3: (d) The effective
coupling S,, as a function of frequency and wavenumber. (e) Real and (f) imaginary parts of the dispersion curves under the same comparison
conditions as in (b-c).

mixed second derivative of a potential function, which guarantees the major symmetry and provides a variational foundation for
the boundary conditions. However, odd elasticity and odd Willis media involve non-symmetric constitutive matrices that cannot be
derived from a scalar potential. Consequently, the associated variational principle remains an open question.

3. Microstructure design and validation of the Willis effective medium

The microstruture design of active metabeams is an important area of metamaterial research. Specifically, the ability to design
active mechanical Willis scatterers that provide arbitrary control of the scattering polarizabilities is one of the fundamental challenges
in further improving the ability to manipulate wavefronts over wide frequency ranges. In this section, an active Willis meta-beam
is designed by introducing piezoelectric sensor-actuator-pairs controlled with digital circuits, where electrical transfer functions are
encoded. The frequency-dependent polarizability tensor is then determined using a numerical retrieval approach based on the finite
element simulations. Finally, the proposed homogenization method is validated by comparing its predicted dispersion relations with
those obtained from the real microstructure under various transfer functions.

3.1. Microstructure design and its effective homogenization

To construct the mechanical Willis metabeam, an array of thin slits is introduced into a host beam, forming in each active scatterer
a sensing beam and two actuating beams, as illustrated in Fig. 3(a). A piezoelectric sensor is bonded at the center of the sensing
beam, while two pairs of piezoelectric actuators are symmetrically attached to the actuating beams. These actuators are electrically
connected to a digital control system, with the two actuators on the left sharing an output voltage V,,, and those on the right sharing
V,». The sensor measures the local curvature of the sensing beam to detect incident waves, while the actuators generate programmed
symmetric and antisymmetric scattered fields, as shown in Fig. 3(a). The control system establishes a functional relationship between
the sensed signal and the actuation voltages through two frequency-dependent transfer functions:

Vv,

a

v,

a

| = H(o)V,,
2 = Hy(w)Vs,

(38)

where the sensing voltage V; is given by V, = [, D_ dA/C,, with A denoting the top surface area of the sensing piezoelectric patch,
D, the z-component of the electric displacement vector, and C, the capacitance defined in Appendix D.

In practice, the sensor records both the incident wave and the feedback response generated by the actuators. To isolate the incident
wave, a mechanical feedback transfer function g is implemented in the control system (seeAppendix E for details). The output of g
is subtracted from the raw sensor signal, yielding a corrected sensing voltage V; that represents only the incident input. This signal
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is then used to drive the actuators, forming a feedforward control loop. This feedforward architecture ensures stability and accurate
realization of the desired transfer functions. The complete circuit design and theoretical validation of this scheme are provided in
Appendix E.

The asymmetric actuation voltages V,; and V,, are decomposed into symmetric and antisymmetric components, as illustrated
in Fig. 3(a). The symmetric component produces bending moment inputs, whereas the antisymmetric component generates shear
forces. This microstructure design enables direct and independent control of nonzero elements §;; and f,; of the polarizability tensor.
It should be noticed that the proposed design is mainly concentrated on bending curvature sensing and actuation in moment and
shear channels, the approach can be extended and modified to access other actuation vectors to realize non-zero Willis coupling
coefficients.

In general, a transfer function can be represented as a complex-valued rational function. For instance, the transfer functions H, ()
and H,(w) in this study can be written as

M m
Zm:O am.i w

N o

n=0 bn,i @

Hi(w) = fori=1,2. (39)

where M and N are the highest-order indices, and a,,; and b,; are the complex coefficients of the mth and nth order terms in the
numerator and denominator polynomials of H;(w), respectively. In fact, electrical transfer functions and mechanical polarizabilities

are intrinsically related by the simplified expressions f;; = y, ( H‘;H2> and B,; = ;(2( H‘;Hz) , where y, and y, denote rational
functions describing the electromechanical coupling of symmetric and antisymmetric modes, respectively.

To determine f(w) for a given microstructure, we adopt a retrieval-based approach outlined in Appendix F. This method extracts
the polarizability tensor numerically by combining local field measurements and scattered response data obtained from full-scale finite
element simulations. Specifically, four independent scattering tests are performed, each yielding a distinct set of local state vectors
and associated actuation vectors. These results are used to construct a linear system of 16 equations based on Eq. (8), enabling
the unique determination of all 16 components of the polarizability tensor. The accuracy of this retrieval is validated by comparing
the predicted scattered fields with those computed from direct numerical simulations, confirming the effectiveness of modeling the
microstructure as a localized source governed by f(w). This retrieved tensor serves as the input to the homogenization framework,
enabling a direct link between the microstructural configuration and the effective nonlocal constitutive response.

Under the Willis homogenization framework in Fig. 3(b), the nonzero components of the effective constitutive relation in Eq. (23)
can be obtained as

1
S =—+Ky,
11 D, 11

(40)
So1 = Ky
where
Bi1(byk?* + byk? + by) Bo1 (b4k* + byk* + by)
e ak* + ek +ak+a, N agk* + a)k? + ajk +ay’ “1)

and the coefficients a; and b, are determined by the host beam parameters and the unit cell geometry:
by = =Dypr18
by = @ (Dopy + Iogo)
by = powz(—lowz + gO)
ay = Dolgy (=1 + Sipfor + S11b11) (42)
a, = —w” (=Dylpy — Ilgy + Dol S12851p9 + Ig1S122180 + Dol S11 81100 + DoloBrigo + TolS11B1180)
a; = —DyPy; 80@” poi
ay = —0*py (—1g0* + g9 ) (=1 + 1S5, + Dobyy +1S11611)-

In Eq. (41), K, and K,, are proportional to #;; and f,,, respectively, each scaled by a rational function. For a symmetric transfer
function where H,(w) = H,(w), the actuators generate only bending moments, making g, the only nonzero component. Consequently,
K, is nonzero, modifying the effective bending stiffness. For an antisymmetric transfer function where H,(w) = —H,(w), the actuators
generate only shear strain, resulting in $,; as the only nonzero component. In this case, K,, becomes nonzero, leading to the formation
of effective shear stiffness. For an asymmetric transfer function, where H,(») # H,(w) and H,(w) # —H,(®), both K;, and K,, are
nonzero. As w — 0, Eq. (40) reduces to

S” = L+L’

Dy 1= Dypy 43)
S = b
A= T

I = Dypy,

which corresponds to the conventional effective model in the low-frequency, long-wavelength regime. In this limit, multiple-scattering
effects become negligible, the effective elastic constants are determined solely by the local polarizability tensor, and the Willis
constitutive relation reduces to a local form.

10
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3.2. Validation of Willis effective beams

This subsection focuses on the validation of the proposed Willis effective model, with an emphasis on the high-frequency dynamic
regime where classical effective theories often fail. We investigate how nonreciprocal and non-Hermitian effects-induced by active
microstructural elements-can be systematically captured through generalized homogenization. The Willis effective model is validated
through direct comparison with the numerical simulations of the active beam with microstructures, enabling the continuum descrip-
tion in wave manipulation strategies. By bridging microstructure design and effective properties, this validation supports development
of the active Willis media for tunable, programmable, and non-Hermitian wave control capabilities. The geometric parameters and
material properties used in this subsection are provided in Appendix D.

For simplicity, we begin with an active beam employing symmetric transfer functions, H,(w) = H,(w) = 0.05. This configuration
produces only bending actuation, resulting in a nonzero f;,, while all other components of the polarizability tensor remain zero. Since
the symmetry condition in Eq. (20) is preserved, the system remains Hermitian. According to Eq. (40), only S, is modified, and
its real part is shown in Fig. 4(a); the imaginary part is negligibly small and thus omitted. The effective .S},, which depends on both
frequency and wavenumber, is always greater than the inverse of the bending stiffness of the host beam 1/D,, indicating that the active
elements reduce the effective bending stiffness of the metabeam. The dispersion curves from the microstructure with control OFF, the
microstructure with control ON, the Willis effective model from Eq. (40), and the conventional model from Eq. (43) are illustrated
in Fig. 4(b,c). Since #,, acts as a local bending source, it reduces the macroscopic bending stiffness, leading to a downward shift in the
real part of the dispersion curve for the control ON case relative to the control OFF case, as shown in Fig. 4(b). Moreover, because the
symmetric transfer functions preserve the symmetry condition, the major symmetry condition is also satisfied, ensuring Hermiticity
and resulting in a purely real spectrum, as confirmed in Fig. 4(c). In addition, both S;; and the resulting dispersion curves are
symmetric with respect to wavenumber, consistent with the preservation of the reciprocity condition. While the conventional model
accurately captures the dispersion behavior only in the long-wavelength, low-frequency regime, the Willis effective model maintains
excellent agreement across the entire Brillouin zone-highlighting the essential role of spatial dispersion in modeling high-frequency
wave phenomena.

For antisymmetric transfer functions, H,(w) = —H,(w) = 0.3, the effective properties and dispersion relations are shown in Fig. 4(d-
f). In this configuration, the active scatterers induce only shear deformation, leading to a nonzero .S,, and the breakdown of the major
symmetry condition in Eq. (29). The real part of .S,, is shown, while its imaginary part remains negligible and is therefore omitted.
Since the antisymmetric scatterers do not alter the bending stiffness, the real part of the dispersion curves for the microstructure with
control ON remains nearly identical to that of the control OFF case. However, the emergence of S,, breaks Hermiticity, introducing
a nonzero imaginary component into the dispersion relation. At the same time, the reciprocity condition in Eq. (30) is violated,
making the imaginary part antisymmetric with respect to wavenumber. This asymmetry leads to attenuation of left-propagating
waves (negative wavenumber) and amplification of right-propagating waves (positive wavenumber), thereby enabling nonreciprocal
wave propagation. While the conventional model accurately predicts the imaginary part only in the long-wavelength regime, the
Willis effective model maintains excellent agreement with the full-wave simulations across the entire Brillouin zone.

The Willis homogenization framework is now extended to consider the cases beyond constant transfer functions to accommodate
frequency-dependent behavior. Specifically, the antisymmetric transfer function is selected as

o.3wg

2 _ 2
®° — Wy

H(0) = —Hy(w) = (44)
where w, = 4000z Hz. This transfer function is negative for w < w,, positive for o > w,, and exhibits a pole at w = ;. The antisym-
metry introduces a nonzero .S,,, breaking Hermiticity and resulting in nonzero imaginary components in the dispersion relation, as
shown in Fig. 5(a). Notably, the singularity at w = w, causes .S,, to switch sign, leading to a sign reversal in the imaginary parts of the
dispersion curves across the two branches. As shown in Fig. 5(b-c), the local resonance induces a band splitting in the real part of the
dispersion relation, forming two distinct branches. The imaginary parts of the upper and lower branches exhibit opposite signs due to
the change in §,,. While the conventional model captures the long-wavelength behavior of the first branch, the Willis effective model
accurately reproduces both branches-demonstrating its effectiveness in modeling complex, frequency-dependent, non-Hermitian wave
phenomena across the full frequency spectrum.

Non-Hermiticity alone does not necessarily lead to a complex spectrum. For instance, eigenvalues can remain real in the PT-
unbroken phase and also in more general pseudo-Hermitian systems (Ashida et al., 2020). In our system, while verifying pseudo-
Hermiticity is difficult, we observe purely real spectra under antisymmetric imaginary transfer functions. For transfer functions
H,(w) = —H,(w) = 0.3i, Fig. 5(d) shows the imaginary part of S,;, whereas the real part is negligible and thus omitted. Although the
presence of nonzero S,, breaks Hermiticity, the spectra in Fig. 5(e,f) remain entirely real. However, the real part of the dispersion
relation becomes asymmetric with respect to the vertical axis due to the violation of reciprocity, as governed by Eq. (30). In this
case, the wavenumbers for left-to-right and right-to-left wave propagation differ, directly reflecting the breakdown of the reciprocity
condition. As expected, the conventional model can only capture the long-wavelength behavior, while the Willis effective model
accurately reproduces the full-wave results across the entire frequency spectrum.

4. Non-Hermitian wave phenomena in the Willis effective beam

In this section, we demonstrate how our Willis effective framework enables a wide range of non-Hermitian wave phenomena in
active beam systems. These effects arise from nonzero components of the effective polarizability tensor-particularly the off-diagonal
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Fig. 5. Effective material properties and dispersion relations for locally resonant and antisymmetric imaginary transfer functions. (a-c) Locally
resonant case: (a) S,, as a function of frequency and wavenumber, exhibiting a sign change due to the pole in the transfer function. (b) Real and (c)
imaginary parts of the dispersion curves from microstructure simulation (dark and light purple dots for the first and second branches, respectively),
conventional effective model (orange squares), and Willis effective model (blue solid line). The resonance introduces band splitting and a sign
reversal in the imaginary dispersion. (d-f) Antisymmetric imaginary case: (d) Imaginary part of .S,, as a function of frequency and wavenumber.
(e) Real and (f) imaginary parts of the dispersion curves from microstructure simulation (purple dots), and predictions from conventional (orange
squares) and Willis effective model (blue solid line). The non-Hermitian yet reciprocal nature yields real spectra with asymmetric dispersion.

S,;-which introduces directional couplings between bending moment and shear strain. We begin by examining how these couplings
lead to low-frequency shear-enhanced flexural modes, a phenomenon absent in traditional beam models. We then reveal how the
emergence of nonzero S,; breaks Maxwell-Betti reciprocity, resulting in non-Hermitian wave behavior such as nonreciprocal propaga-
tion and asymmetric dispersion. Finally, we extend our analysis to systems under OBC and establish a bulk-boundary correspondence
between the winding number of the frequency spectrum and the emergence of skin modes. These results collectively highlight the
power of the Willis homogenization framework to capture and engineer symmetry-broken, non-Hermitian effects in active beam
systems.

4.1. Flexural wave behavior under shear coupling in the Willis beam

For antisymmetric transfer functions, H,(w) = —H,(w), as discussed in Fig. 4(d-f), only the bending moment is sensed, while shear
strain sources are applied, resulting in a nonzero f,, component in the polarizability tensor. From macroscopic perspective, this
configuration enables directional coupling from bending moment to shear strain, giving rise to a nonzero K, in the effective polariz-
ability tensor. Notably, this coupling introduces shear deformation into the lowest dispersion branch-traditionally governed purely by
bending deformation in conventional thin-beam theory-thereby generating a low-frequency flexural wave with shear contributions.
To examine this effect, we begin by simplifying the dispersion relation in Eq. (34) as

Sy 0 0 —ki Mg 0
S, 1/G,  —ki 1 Fog 0
- 45
0 ki @ pg 0 Wes 0 (45)
ki 0 0 Jy@? Vet 0
where S}, and S,, are defined in Eq. (40). Eliminating Mg and Fg gives
=811 (—w?py + Gok?) —Gok(Sy1i — Syk) weee |_ [ © 46)
S11Goki —S11Gy + 811 Jy@? — Sy, Goki — k? Weft 0
Based on the Eq. (46), the ratio of shear strain and rotation angle is obtained as
Yeer _ ikWepr —Wepr _ (Suf— S k)=S0 pg + 281, Gok> + S5, Gok’i) 7

Vetf Vetf S11(=@?py + Gok?)(S1y + Sy ki)i
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Fig. 6. Prediction of shear-to-rotation ratio and shear-enhanced flexural modes across wavenumbers. (a) Magnitude of the ratio |y.¢|/|w.¢| between
effective shear strain and rotation angle, comparing results from microstructure simulation (purple dots), Willis effective model (blue solid line),
conventional effective model (orange squares), and the classical Timoshenko beam model (yellow solid line), using antisymmetric transfer functions
H, = —H, = 1. The ratio remains near zero in Timoshenko theory but increases significantly in the Willis effective model and microstructure as
wavenumber increases. (b) Representative mode shapes from the Willis effective model at the triangle, diamond, and pentagram markers in (a),
illustrating increasing shear deformation and cross-sectional distortion at higher wavenumbers.

Fig. 6(a) illustrate the change of magnitude of the ratio |y.g|/|weg| in function of the wavenumber from the Willis effective model (blue
solid line), the conventional effective model (orange squares), microstructure simulations (purple dots), and the Timoshenko theory
(yellow solid line), which exhibit the unconventional coupling between the effective shear strain to the rotation angle. In the study,
the antisymmetric transfer functions are selected as H, = —H, = 1. It is interesting to notice that the coupling magnitude increases
significantly compared to the classical Timoshenko model, where this ratio remains near zero. Three representative mode shapes
from the Willis effective model-corresponding to the triangle, diamond, and pentagram markers in Fig. 6(a)-are shown in Fig. 6(b).
As the wavenumber increases, the neutral axis is no longer perpendicular to the boundaries, indicating enhanced shear deformation.
Moreover, although the conventional model deviates from the microstructure dispersion in the short-wavelength regime, the Willis
effective model accurately captures the behavior across the entire Brillouin zone. These results confirm that the Willis effective model
supports low-frequency flexural waves coupled with shear deformation-an effect not realized in traditional thin beams. This shear-
enhanced flexural mode offers new opportunities for impedance matching, wave control, and mode conversion in active mechanical
systems.

4.2. Breakdown of the reciprocity theorem

In local media, reciprocity is equivalent to major symmetry (Nassar et al., 2020). In contrast, in nonlocal media, major symmetry
alone does not guarantee reciprocity; instead, reciprocity emerges from the joint presence of major symmetry and time-reversal
symmetry (Shokri and Rukhadze, 2019). In our system, the term S, disrupts major symmetry, resulting in a violation of reciprocity.
We now proceed to analyze reciprocity and its breakdown, beginning with the Green’s function. In the frequency-wavenumber
domain, the Green’s function of the active Willis metabeam satisfies

HG (0. k) =L (48)

According to Eq. (30), the presence of §,, breaks the symmetry condition of H(w, k) # H” (@, —k),. Therefore, the Green’s function

G,;; = H™! no longer satisfies the symmetry condition G (w, k) # G;f(w, —k) which translates to

Gpp(w,x —x') # GeTff(w, x' = x) (49)
in the spatial domain. To assess the reciprocity condition, we perform two load-response numerical experiments. In the first scenario,

the external load is Qéxl(w, x) applied, yielding the response u;ff(co, x). In the second scenario, the applied load is ngl (w, x) with the

corresponding response usz(a), x). The reciprocity condition is expressed as (Nassar et al., 2020)

/ )T (@, 0)QL (@, x)dx = / ()T (@, 0)Q% (@, x)dx. (50)
L L

Using the response relation u,g¢(w, x) = f; Ggp(@, x — x')Q, (x)dx’ and taking the transpose and interchanging x and x” on the right-
hand side, the reciprocity condition can be rewritten as

/ / Q2 )" (@, x")GL (w0, x — x")QL (0, %) dxdx’ = / / (Q2 ) (@0, X")Gegp(@,x' = 0)Q] (0, x) dxdx’. (51)
LJL LJL

Therefore, Eq. (51) shows that the reciprocity condition in Eq. (50) is equivalent to the symmetry condition of the Green’s function
Gypp(w, x —x') = GeTff(a;, x’ — x). In our study, the presence of .S, breaks this symmetry condition, leading to the inequality in Eq.
(49). As a result, the equality in Eq. (51) is violated, thereby breaking the reciprocity theorem in Eq. (50).
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Fig. 7. Nonreciprocal wave propagation in Willis media. (a) Schematic of the nonreciprocity test: A shear force is applied at either end of the beam
(input positions), and the displacement is measured at the opposite end (output positions). Nonreciprocity is quantified by the difference A. (b)
Real part and (c) imaginary part of the wavenumber-frequency (k-w) dispersion relations from the Willis effective model, showing four complex
wavenumber branches k,-k,. (d) Magnitude of the normalized nonreciprocity parameter |A| versus frequency, comparing microstructure simulation
(red dots) and Willis effective model (orange line).

We now numerically verify the breaking of the reciprocity theorem using COMSOL simulations with constant antisymmetric
transfer functions H,(w) = —H,(w) = 0.3. The length of beam with microstructures is L and two perfect matched layers are attached
on both sides. Two numerical tests are performed: in the first case, a unit shear force Qéxl (x) = [0,0,0, 117 6(x) is applied at x = 0, and the
resulting displacement w, is measured at x = L, as shown in Fig. 7(a). In the second case, a unit shear force ngt (x) =1[0,0,0,1176(x — L)
is applied at x = L, and the displacement w, is measured at x = —L, as illustrated in Fig. 7(a). The difference between the left-hand

side and right-hand side of Eq. (50) is given by
A= )" Quy = () Q3 = w0y — wy (52)

The measured magnitude of A, normalized by |w;,|, as a function of frequency is shown in Fig. 7(a). Since |A|/|w, | is nonzero, A does
not vanish, confirming the violation of the reciprocity theorem.

We now proceed to solve the Green’s function for an infinite beam using an asymptotic approach. In the asymptotic limit, the
Green’s function depends solely on the k- dispersion relation. Therefore, we begin by computing the dispersion relations, shown
in Fig. 7(a-b), using the material and geometric parameters provided in Appendix D and antisymmetric transfer functions H,(w) =
—H,(w) = 0.3. For a given frequency, four complex wavenumbers arise. Among these, two wavenumbers (k,, k,) are purely imaginary,
as indicated by the purple lines in Fig. 7(a-b), while the other two (k,, k3) possess symmetric real parts and degenerate imaginary
parts, as shown by the orange lines. When L is large, an asymptotic approximation yields

1 .
A=Gl(@ L)~ Gl (w,~L) ~ —ZG;f‘f(w, kpe ik, (53)
Virn

A detailed derivation is provided in Appendix A.

To verify the nonreciprocity, we perform finite element simulations on a microstructured beam composed of 20 unit cells, with
perfectly matched layers attached to both ends, as shown in Fig. 7(c). In these simulations, a shear load is applied separately on
the left and right ends of the beam. The response of the metabeam exhibits attenuation under left-side loading and amplification
under right-side loading, clearly indicating directional asymmetry. The frequency dependence of the nonreciprocity parameter A,
defined in Eq. (52), is presented in Fig. 7(d). The red dots represent results from the microstructure simulations, while the orange
line corresponds to the theoretical prediction from Eq. (52) combined with Eq. (A.22). As shown in Fig. 7(d), A approaches 1 as
the frequency tends toward 0 Hz, and exceeds 1 when the frequency is nonzero, confirming the breakdown of reciprocity. With
increasing frequency, A rises rapidly, reaching a maximum value of approximately 170 at 6 kHz, and then gradually decreases for
higher frequencies. These results demonstrate giant nonreciprocity and reveal the potential for achieving giant nonreciprocity in the
proposed system.
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Fig. 8. PBC and OBC frequency spectra, GBZ, and skin modes for constant antisymmetric transfer functions. (a-c) Case with H, = —H, = 0.3: (a)

Frequency spectra of the flexural branch under PBC from the Willis effective model (gray solid lines), conventional effective model (red solid lines),
and microstructure simulations (color-gradient dots). The corresponding OBC spectra are shown as orange lines (Willis effective model) and red dots
(microstructure). The winding number of PBC spectral is v = —1. (b) GBZ extracted from the OBC spectra in (a) for the Willis effective model (orange
solid lines), conventional model (gray dashed lines), and microstructure (red dots). (c) Eigenmodes at the pentagram frequencies in (a), showing
directional localization consistent with the sign of Im(k), computed from the Willis effective model (orange solid lines), conventional model (blue
dashed lines), and microstructure simulation (purple solid lines). (d-f) Corresponding results for the Hermitian case H, = —H, = 0 with winding
number v = 0, showing extended modes and undeformed GBZ. The frequency spectra under PBC are omitted, as they coincide with the OBC spectra.
(g-i) Results for H; = —H, = —0.3 with winding number v = 1, exhibiting reversed skin mode localization and GBZ deformation opposite to the case
in (a-c).

4.3. Non-Bloch band theory and bulk-boundary correspondence

In non-Hermitian systems, conventional Bloch band theory fails under OBC, necessitating the use of non-Bloch band theory and
the GBZ to correctly describe wave behavior. However, for complex microstructures, directly applying this theory is often infeasible
due to analytical inaccessibility. The non-Hermitia Willis effective medium offers a powerful alternative: it captures nonlocal and
symmetry-breaking effects while maintaining analytical tractability. Under periodic boundary conditions (PBCs), the Willis effective
model yields closed spectral loops in the complex frequency plane, enabling the definition of topological invariants such as the
spectral winding number-something the conventional effective medium fails to provide due to its open spectral curves. This allows
the Willis effective model to support a robust bulk-boundary correspondence, in which the winding number predicts the existence and
localization direction of skin modes under OBCs. In this section, we employ the non-Hermitia Willis medium to explore non-Bloch
band theory, compute spectral winding numbers and demonstrate their correspondence with skin-mode localization, providing a
comprehensive framework for understanding topological wave phenomena in active elastic systems.

4.3.1. Non-Bloch band theory

First, we develop the non-Bloch band theory by solving the BVP for a finite beam with specified boundary conditions using
asymptotic analysis. For the non-Hermitian medium, the dispersion relation in Eq. (36) yields four wavenumber roots for a given
frequency, denoted as k, for n = 1,2, 3,4. The general solution for the transverse displacement of the non-Hermitia Willis metabeam
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is given by
4
Werp (x) = Y A, ers (54)
n=1
where A, are the corresponding coefficients. The rotational angle is expressed as
4
ik
l//eff(x) = z Aan:l/el n (55)

n=1

where N is the amplitude ratio obtained by solving homogenious equation Hu = 0 with the dispersion relation in Eq. (36). Now,
we consider the BVP using fixed boundary conditions as an example:

Werr(0) =0, Werr(L) = 0.

where L is the length of the finite metabeam. Substituting the wave solutions into these boundary conditions, we obtain the following

werp(0) =0, wepp(L) =0, (56)

equations

1 1 1 1 A 0
1 2 3 4
N, Ny N, Ny el I (57)
elkl L elkzL etk3L etk4L A3 0
1 ikiL 2 yikyL 3 yikyL 4 gikyL
N,e N,e Ne N,e Ay 0
Setting the determinant of the coefficient matrix to zero yields the frequency spectrum under fixed boundary conditions
1 1 1 1
1 2 3 4
M N M D 58)
elk] L elkzL e1k3L e1k4L
1 ik L 2 4iky L 3 HiksL 4 ,ikyL
Nwe 1 Nwe NWe Nwe 4

Next, we derive the GBZ by extending the method developed for lattice systems (Yokomizo and Murakami, 2019). The solution of
Eq. (58) simplifies for large L, forming the corresponding continuum spectrum. Expanding the determinant in Eq. (58), we obtain

F, <i("a))ei(k1+k2)L +F2(7€”w)ei(k]+k3)L +F3<z’w>ei(kl+k4)L

(59)
+ F, (% w)ei(k2+k3)L + Fs <;c., a))ei(k2+k4)]“ + F (%, w)ei(k3+k4)L =0
Here, k= [k, ko, k3, k4], and E(},a)) (i=1,2,...,6) are coefficients that depend on both frequency and wavenumbers, obtained by
expanding the determinant in Eq. (58). We now analyze the asymptotic behavior of the solutions of Eq. (59) for large L, where the
wavenumbers are ordered as Im(k,) < Im(k,) < Im(k3) < Im(k,) for convenience.
If Im(k,) # Im(k;), only one leading term proportional to Fy(k, ®)e/*3s**4)L remains in Eq. (59) in the limit of large L. This leads

to
F, (2,0)) =0 (60)

which does not depend on L and does not allow for a continuous frequency spectrum.
On the other hand, when Im(k,) = Im(k;), two leading terms proportional to e/*2+t*L and ¢/*3+k4)L remain, allowing Eq. (59) to
be rewritten as

Fg (%, a))
eitka=k3)L — _ N 7
Fs (%, w)

In such a case, we can expect that the difference between Re(k,) and Re(k;) can be changed almost continuously for a large L,
producing continuum frequency spectrum. Finally, in the asymptotic limit L — oo, the boundary value problem of the nonlocal
non-Hermitian metabeam reduces to two algebraic equations:

(61)

[H(w, k)| =0,

2
Im (ky(@)) = Im(k3(w)). 62)

For a given complex frequency o, the first equation in Eq. (62) yields four frequency-dependent wavenumbers k(@), k,(®), k3(®),
and k,(w), ordered as Im(k,) < Im(k,) < Im(k3) < Im(k,). Among these, the second and third wavenumbers satisfy the second equation
in Eq. (62). The first equation is complex and can be decomposed into two real equations, yielding a total of three real equations
involving four independent real variables: Re(w), Im(w), Re(k), and Im(k). As a result, the solutions (Re(w), Im(w), Re(k), Im(k)) form
continuous curves in the four-dimensional space. When projected onto the complex w-plane, these solutions appear as continuous
curves, ensuring that the frequency spectrum remains continuous. Similarly, their projection onto the complex k-plane forms con-
tinuous curves, known as the GBZ. The GBZ extends the conventional Brillouin zone-defined as the real interval from —z// to z /I in
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Fig. 9. Comparison of open-boundary spectra and modes for different boundary conditions. (a) Complex frequency spectrum of the microstructured
beam with constant transfer functions H,(w) = —H,(w) = 1 for free-free (red circles) and fixed-fixed (blue squares) boundaries, compared with the
OBC spectrum predicted by the Willis homogenization (orange curve). (b) Normalized transverse displacement profiles of the eigenmodes, where
the red, blue, and orange curves correspond to the red, blue, and orange stars in (a), respectively.

Hermitian systems-into curves in the complex plane, and plays a fundamental role in capturing the spectral and localization prop-
erties unique to non-Hermitian physics. It is crucial for reconstructing the bulk-boundary correspondence of the Chern number and
topological edge modes, as well as for computing the Green’s function to determine system responses, such as stress or strain, un-
der external excitations in engineering applications. To solve complex Eq. (62) numerically is challenging since many numerical
methods are designed for real-valued equations. To address this, for a given variable such as Re(w), Eq. (62) can be reformulated as
three real equations involving three real independent unknowns. Numerical techniques such as Newton’s method, iterative solvers,
or gradient-based optimization can then be applied. Here, we use "fsolve" function in MATLAB. By sweeping Re(w) over the desired
range, continuous frequency spectra and GBZ can be obtained.

In deriving Eq. (62), fixed boundary conditions are used. However, in the asymptotic limit, the frequency spectrum equation in
Eq. (62) remains independent of the specific boundary conditions. For other boundary conditions, such as free, simply supported,
or mixed conditions, the coefficients F;(k,w) (i = 1,2, .., 6) will change, but the spectrum condition Im (ky(w)) = Im(k3(w)) remains
unaffected. Therefore, the frequency spectrum can be determined by solving Eq. (59) regardless of the boundary conditions. In other
words, the frequency spectrum under OBC is independent of the specific type of boundary conditions. To corroborate this prediction,
we compare in Fig. 9 the complex spectra and mode shapes of the microstructured beam with fixed-fixed and free-free boundaries
for constant transfer functions H,(w) = —H,(w) = 1. The discrete eigenfrequencies for both boundary conditions nearly collapse onto
the same spectral loop and follow closely the asymptotic OBC spectrum obtained from the Willis homogenization, confirming that
the bulk spectrum is insensitive to the choice of boundary conditions. The slight discrepancy between the microstructure and Willis
homogenization results arises because the metabeam used in the simulations is not sufficiently long; increasing its length makes the
two results converge more closely. The corresponding eigenmodes show visible differences only in the immediate vicinity of the right
boundary, where the local shape is constrained by the imposed end condition. Away from the boundary, however, the envelopes
of the two modes almost coincide and exhibit the same exponential decay rate, in agreement with the prediction from Eq. (62).
This comparison demonstrates that boundary conditions only affect a narrow boundary layer, while the OBC spectrum and decaying
behavior remain independent of the specific type of boundary conditions.

We now turn to study frequency spectra, GBZ, and mode shapes numerically. The geometric and material parameters used in this
subsection are listed in Appendix D, and the microstructure simulations are performed on a finite beam of length 20/. For the constant
transfer functions H,(w) = —H,(w) = +0.3, Fig. 8(a) presents the frequency spectra under both PBC and OBC. The antisymmetric
transfer function introduces directional coupling, breaking Hermiticity and causing the PBC spectra from the microstructure (gradient-
colored dots) to form a closed loop in the complex frequency plane. The conventional model, using a constant .S,;, captures only
part of this loop, whereas the Willis effective model, which accounts for frequency- and wavenumber-dependent S,;, successfully
reconstructs the full loop-highlighting its superior predictive capability. Despite the non-Hermiticity, the OBC spectra remain entirely
real, likely reflecting a PT-unbroken phase. As shown in Fig. 8(a), the OBC spectrum from the microstructure (red dots) ranges from
0 to approximately 11.5 kHz and matches closely with the prediction from the Willis effective model (orange solid lines), whereas
the conventional model (gray dashed lines) overestimates the upper frequency bound. The corresponding GBZ, which represent the
wavenumber distributions of OBC spectra, are plotted in Fig. 8(b). The wavenumbers have negative imaginary parts, indicating right-
localized skin modes, which is confirmed by the mode shapes at the pentagram-marked frequency in Fig. 8(c). The Willis effective
model again closely matches the microstructure simulation, whereas the conventional model fails to predict the correct localization
strength. For the Hermitian case H,(w) = —H,(w) = 0, the PBC and OBC spectra are identical, and thus the PBC spectra are omitted
in Fig. 8(d). As shown in Fig. 8(e), the OBC spectrum remains purely real, and both the Willis effective model and microstructure
yield nearly identical results. Although the conventional model still fails to predict the upper bound, it reproduces the mode shapes
reasonably well, as shown in Fig. 8(f). Finally, Fig. 8(g-i) shows the results for H,(w) = —H,(w) = 0.3. Compared to the case with
H,(w) = —H,(w) = —0.3, the direction of the PBC frequency loop reverses, the GBZ flips sign, and the localization of skin modes
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Fig. 10. PBC and OBC frequency spectra, GBZs, and skin modes for large constant and locally resonant antisymmetric transfer functions. (a) Fre-
quency spectrum of the flexural mode under PBC (gradient-colored dots) and fixed boundary conditions (OBC, red dots) from COMSOL simulations,
for constant transfer functions H,(w) = —H,(w) = 1. The gray solid loop is computed from the dispersion relation in Eq. (36) for the Willis effective
model under PBC, while the orange solid line corresponds to the OBC spectrum derived from the boundary value problem in Eq. (62). (b) Eigen-
modes at the pentagram frequencies in (a), calculated from the Willis effective model (orange solid lines) and COMSOL simulations (purple solid
lines), demonstrating skin effect localization. (c) Frequency spectrum under the same boundary conditions and representations as in (a), but using
frequency-dependent resonant transfer functions defined in Eq. (44). The presence of two spectral loops reflects the frequency-dependent nature of
the active scatterers. (d) Corresponding eigenmodes at the pentagram frequencies in (c), showing excellent agreement between the Willis effective
model and the microstructure simulations.

switches from right to left. This inversion stems from the change in the direction of the directional coupling and the sign flip of .S,
while the magnitudes of the relevant quantities remain unchanged.

As the transfer function strength increases to H,(w) = —H,(w) = 1, the PBC frequency spectra-depicted by gray solid lines for
the Willis effective model and gradient-colored dots for the microstructure-retain their closed-loop structure but develop larger
imaginary components, as shown in Fig. 10(a). Under OBC, the microstructure spectrum (red dots) remains real at low frequencies
but transitions into complex-conjugate pairs at higher frequencies, signaling the presence of an exceptional point. This transition is
accurately captured by the Willis effective model (orange lines), with slight discrepancies near the spectral edges attributable to finite
beam length effects, which diminish as the length increases. The eigenmodes at the two pentagram-marked frequencies in Fig. 10(a)
are shown in Fig. 10(b), both exhibiting right-side localization. For the resonant transfer functions defined in Eq. (44), the PBC
spectrum-again shown as gray lines and gradient-colored dots-splits into two distinct loops, indicating the emergence of multiple
spectral branches due to local resonance. The corresponding OBC spectrum in Fig. 10(c) features complex-conjugate eigenvalues near
2 kHz, and purely real values below 1.5 kHz and above 2.7 kHz. The associated mode shapes at the two pentagram markers are shown
in Fig. 10(d), now exhibiting opposite localization directions. The Willis effective model continues to match the microstructure results
closely, with residual deviations primarily resulting from the finite beam length.

4.3.2. Bulk-boundary correspondence

Before turning to the explicit winding-number formulation, we briefly clarify how different non-Hermitian mechanisms enter the
effective operator and give rise to skin modes. At the level of the effective operator, the three mechanisms mentioned-asymmetric
density, asymmetric elasticity, and asymmetric Willis coupling-affect the complex spectrum and the emergence of skin modes in
the same structural way: they all introduce non-reciprocal couplings that break Hermiticity in the bulk operator. Meanwhile, the
breakdown of these symmetries in the constitutive relations originates, from a microscopic perspective, from nonreciprocal couplings.
Such nonreciprocal couplings break parity symmetry in one-dimensional systems, leading to w(k) # w(—k). This k - —k asymmetry
serves as a necessary condition for the PBC spectrum to form complex eigenvalue loops with nonzero point-gap winding; otherwise,
the winding is trivial and the skin effect is suppressed. Any of these mechanisms can therefore serve as a necessary condition for
non-Hermitian behavior and can, in principle, support skin modes. However, the existence of skin modes is not set by the microscopic
origin of non-Hermiticity, but by the bulk-boundary correspondence encoded in the complex spectrum: skin modes appear if and
only if the complex eigenvalue loops under PBC exhibit a nonzero winding number, as established in Okuma et al. (2020), Zhang

18



S. Wang et al. Journal of the Mechanics and Physics of Solids 211 (2026) 106548

et al. (2020). In this sense, density asymmetry, elastic asymmetry, and Willis asymmetry are different microscopic routes to the same
effective condition: a non-Hermitian operator with a spectrum of nontrivial winding. In the present metabeam, the only non-Hermitian
contribution comes from the asymmetric off-diagonal entries of the compliance matrix, i.e., S, # S, ;, while the effective density and
Willis blocks remain zero or symmetric. Thus, the skin modes observed in Figs. 8 and 10 are driven solely by this asymmetric elastic
coupling in S, and their existence and boundary accumulation are determined by the nonzero spectral winding number of the PBC
spectrum. In what follows, we make this bulk-boundary correspondence explicit using the winding number of the PBC spectrum.

The non-Bloch band theory provides a complete description of the frequency spectrum, GBZ, and mode shapes. However, it is
numerically demanding due to the need to solve complex-valued equations. In contrast, the frequency spectrum under PBC is easier to
compute, and partial information about OBC spectra and mode localization can be inferred from the bulk-boundary correspondence.
Notably, the Willis effective model accurately captures the full PBC spectrum, whereas the conventional effective model fails to do so.
This makes the Willis effective model a powerful and accessible tool for establishing the bulk-boundary correspondence and predicting
skin mode behavior. In our system, multiple eigenfrequencies w, (k) may exist for a given wavenumber under PBC. In non-Hermitian
systems, these frequencies generally form closed loops in the complex plane, which are topologically protected as long as a base point
w, remains enclosed. In one-dimensional systems, such loops are quantitatively characterized by the winding number of the spectrum
(Ashida et al., 2020), given by

/1
VCOEDY /_ y % % arg [, (k) — wy]. (63)

For antisymmetric transfer functions H,(w) = — H,(w), the complex frequency spectrum under PBC is shown in Fig. 8(a) for H,(w) =
0.3, Fig. 8(d) for H,(w) = 0, and Fig. 8(g) for H,(w) = —0.3. In the left panel, the spectral loop rotates clockwise as k varies from —z /I to
7 /1, yielding a winding number v(w;) = —1 for any base frequency », enclosed by the loop. In the middle panel, the frequency spectrum
collapses to a line, indicating a winding number of zero for any w,. In the right panel, the spectral loop rotates counterclockwise as k
varies from —x /I to z /1, resulting in a winding number v(w,) = 1 for any base frequency w, inside the loop. For antisymmetric transfer
functions H,(w) = —H,(w) = 1, the complex frequency spectrum under PBC is shown in Fig. 10(a). The spectrum forms a clockwise
loop, indicating a winding number v(w,) = —1 for any base frequency w, enclosed by the loop. When the antisymmetric transfer
function follows the resonant form in Eq. (44), the complex frequency spectrum under PBC is shown in Fig. 10(c). In this case, the
spectrum consists of a counterclockwise loop on the left and a clockwise loop on the right. Consequently, the winding number v(w,)
is 1 for any base frequency w, inside the left loop and —1 for any base frequency inside the right loop.

The bulk-boundary correspondence in non-Hermitian systems has two key components, both efficiently captured by the Willis
effective model. The first one is the relationship between the frequency spectra under PBC and OBC. In non-Hermitian systems, the
OBC spectrum is always enclosed by the PBC spectrum. The Willis effective model accurately reproduces both, even under strong or
resonant transfer functions. For instance, in Fig. 8(a,c), with small transfer functions, the OBC spectrum remains real and is tightly
enclosed by the PBC spectral loop. As the transfer function magnitude increases, the OBC spectrum becomes complex while still
enclosed by the PBC spectrum, as seen in Fig. 10(a). In the resonant case (Fig. 10(c)), the PBC spectrum splits into two distinct loops,
each surrounding portions of the OBC spectrum. These behaviors are faithfully captured by the Willis effective model, in contrast to
the conventional model, which cannot reconstruct the full PBC spectrum and thus fails to reflect the bulk-boundary correspondence
structure. The second component of bulk-boundary correspondence connects the sign of the winding number, calculated from the
PBC spectrum, to the localization direction of skin modes under OBC. The Willis effective model provides a continuous, nonlocal
medium where this relation becomes apparent. A negative winding number implies right-edge localization (Fig. 8(c)); zero implies
extended modes (Fig. 8(f)); and a positive value leads to left-edge localization (Fig. 8(i)). These results hold consistently across
different transfer functions, as further demonstrated in Fig. 10(b, d). Moreover, instead of computing the full GBZ, which is typically
complex and computationally demanding, the sign of the winding number from the PBC spectrum suffices to predict skin mode
localization. The Willis effective model thus offers both physical clarity and computational simplicity, serving as a powerful tool for
analyzing non-Hermitian topological effects in active media.

5. Conclusion

This work presents a comprehensive Willis homogenization framework tailored for metabeams comprising periodically arranged
active or self-sensing scatterers. These scatterers are physically implemented using piezoelectric sensor-actuator pairs integrated
with digital control circuits that encode programmable transfer functions. Leveraging a source-driven homogenization approach, the
framework rigorously captures the full frequency- and wavenumber-dependent behavior of wave propagation across the system. The
resulting Willis effective model accurately reproduces both real and imaginary components of the dispersion relations throughout the
entire Brillouin zone, as validated by detailed numerical simulations based on the underlying microstructure. This demonstrates the
model’s ability to describe complex, high-frequency, and short-wavelength dynamics-well beyond the scope of traditional homoge-
nization methods. Furthermore, the framework enables the prediction and analysis of a range of non-Hermitian wave phenomena,
including low-frequency shear-enhanced flexural modes, directional amplification, and the presence of non-Hermitian skin modes
under OBC. Through asymptotic analysis, we develop a non-Bloch band theory and establish a bulk-boundary correspondence that
directly links the spectral winding number under periodic boundary conditions to the spatial localization of modes within the effective
Willis model. This provides a physically grounded and analytically tractable approach for exploring non-Hermitian topological me-
chanics. Collectively, the results establish a unified and versatile methodology for modeling, realizing, and controlling wave behavior
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in active elastic media with arbitrary symmetry-breaking configurations. The proposed framework lays a robust foundation for future
advancements in programmable metamaterials, topological wave control, and wave-based functional devices.
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Appendix A. Green’s function
A.1. Displacement response in Timoshenko beam

In the frequency-space domain, the governing equation in Eq. (4) can be written as
Z(w, —id)u = Q. (A1)

By eliminating the internal variables M, F, and y from Eq. (A.1), we obtain the reduced governing equation for transverse displace-
ment w:

4 DyPy\ 92 Jopo*
DoaTlf+J0w2<l+ 0 O>a—w+<&—pow2>w

7} GyJy ) ox? G
oJo X N 20 , . (A.2)
9q 0 2 o 0°f 0°p 0°s 2 0s
=—=4+(1-2 - 22 L 1 Dy== + Dy + Sy 22,
ox < Gow ! Gy 0x? 0 9x2 0953 T oy
where f, p, g, and s are external force sources.
When only a shear force is applied, i.e., f = 6(x), Eq. (A.2) reduces in the reciprocal space to
J D,
1 — L @? + 20k2
ww. k)= %% (A.3)

Dy (k2 + a)(k? + b2)°
where a = ik, b = k,, and k, k, are positive real numbers satisfying the dispersion relation det[{(w, k)] = 0 for a given frequency w.
The corresponding inverse Fourier transform yields the spatial response:

Jq Dy Jq D,
1-22o? + 2242 1-22e? — 2042
w(@,x) = L—Gole—ikllﬂ _ LG"—G"ze—kﬂXI‘ A.4)
2Dy (kj + k3) ik, 2Dy (k2 + k) ky

More generally, the displacement response w(w, x) for different types of sources is given as:
1

w(w,x) = ——— (e~ Filxl _ g=k2lx)gon(x), for ¢ # 0,
2Dy(k? + k3) ( )se
ik, i ky ,
w(w, x) = e~lxl ekl for p #0,
2063 + K2) 203 + K2) (A.5)
—Dyi? + Jy* Dyk? + Jyw?
w(w, x) = #e"‘kl Il sgn(x) — ue"‘ﬂx‘ sgn(x), fors#0.
2D, (k2 + k2) 2D, (k3 + k2)
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A.2. The Green’s function

Because the system preserves the translational symmetry, applying the linear combination of the four type point load f,6(x — x’),
god(x — x"), pyd(x — x'), and s¢6(x — x’) at x’ simultaneously, the displacement response function responded at x is

w(x',x) =B (x — x')TQOe_ikl ="l 4 By(x — x’)TQOe_"Z"‘_"/I (A.6)
where
A Aja Po
sgn(x — x")A, sign(x — x")A,a, o
B (x)= . By(x)= Q= , (A7)
! A; ? Aza; 0 fo
sgn(x — x")Ay sign(x)A4ay 4o
and
ik
Al = 21 1 2y’ a, = —ﬁ
202 + k2) T
2 _ gy .2
Ay = 2 e o) = Do+ Jo0?
2D, (k2 + k3) 27 Dok — Sy’ a8
_Jdo 24 Dogo 7 D, .
A= L ! G +Gok1 ik, _G_(:)wz_(;_gkg
3= 5T s o G=——
2Dy (k3 + KD)ik, 3 ky 1 _ Jog2 4 Pog2
G Gy 1
Ay = L 1
4T S (k2 2 k2 ag=—L
2Dy(K? + k2)
Meanwhile, the response functions w(x’, x), F(x', x), and M (x’, x) can be assumed as
w(x',x) = R}, (x = X)B; (x = )T QG )e ™ 1 1 R2 (x — x)By(x — x)T Q' )e k2=l
F(x', x) = R},(X _ x’)Bl(x _ x’)TQ(x/)e_[k‘ [x=x'] + R%—‘(x _ x’)Bz(x _ X/)TQ(x/)e—kz\x—x/I (A.9)
MK, x) = leu (x = x)By(x — x)TQ(x")e~ 1 b=l g R%W (x = x")By(x — x’)TQ(x')e_kZ"‘_"’I
Inserting them into the first three equations of Eq. (A.1) with the aid of Eq. (A.6), we obtain the following linear equations
Rl (x —x")
N pl / M _
—sgn(x — x )zklRW(x—x )+ D—o =
| Rp(x—x") (A.10)
R, (x - x')+ G = —sgn(x — x')ik,
— sgn(x — x")ik, RlF(x —x') = —py®
1 1 1 : ;
for R, (x— x"), R.(x = x), R}, (x — x"), and the linear equations
R (x—x")
/ 2 / M _
—sgn(x — x )szW(x—x )+ D—O =0
2 REG—x") (A11)
R, (x — )+ — = —sgn(x — x")k,

Gy
—sgn(x — x’)sz%,(x - x') = —py®
2 2 2 : ; ; 1 1 1 2 2
for Rw(x —x), Ri.(x - x"), Ry, (x— x"). Solving these equations yields Rw(x —x), Ry (x~ x), R}, (x— x'), as well as Ru/(x —x"), R3.(x -

x), and R3 (x —x).
Therefore, the Green’s function in the frequency domain is

G, x —x') = R, (x — x)B, (x — x)Te 11 L Ry(x — x')By(x — x)T e~kalx='] (A.12)
and
R}, (x) R2 (%)
Roo=| 5O R | R (A13)
RL(x) R (x)

And the state vector response u(x) at x, excited by a actuation vector Q(x’) at x’, is given by
u(x) = / G(w, x — x")Q(x")dx'. (A.14)
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A.3. Symmetry conditions of the Green’s function

In this section, we analyze the symmetry properties of the Green’s function. The Green’s function G(w, k) satisfies the following
relation from Eq. (4):

$(w, k) G(w, k) =1, (A.15)

where the analytical expression of G(w, k) is provided in Eq. (A.12). Owing to the symmetry condition of ¢(w, k) given in Eq. (6),
the Green’s function also satisfies the following symmetries for a given w and k:

G(w, k) = G*(~w,—k), G(w,k) =Gl (~w,—k), G(w,k) = G(~w, k). (A.16)

The Green’s function in real space is given by the inverse Fourier transform:

G, x —x') = / G(w, k) =" g, (A.17)

L
V2
and satisfies the following symmetry relations:

G(w,x—x)=G*(—o,x' —=x), G, x—x)=GC'(~w,x' —=x), G(w,x—-x")=G(-w,x" - x). (A.18)
A.4. The asymptotic Green’s function of Willis effective model

The Green’s function in frequency-wavenumber domain is
H(w, k)G (@, k) = I (A.19)
Therefore, the Green’s function in the frequency-space domain is
o ik(x—x") L
S S P / G
\V2r /- H(w, k) V2r /-

Using the residue theorem, we have

G, x — x') (@, ke o= g (A.20)

1 2 ik, (x—x") ’
—= Xz Gepr(@, ket , x=x'">0
Gui(w.x—x) =4 V2r 7 ° L (A.21)
75 s Garrlo, ket x—x <0
va
If beam length L is large, the term with a larger imaginary part can be neglected for x — x’ > 0 while the term with a smaller imaginary
part can be neglected for x — x’ < 0. Then we have the following asymptotic relation

%Geff(w,kl)eikl(x_x/), x—x'">0

Gepp(w, x — x') ~ ‘/17'

Var

For a unit shear force Q;xl(x) =1[0,0,0,1]78(x) is applied at x = 0 and a unit shear force ngl (x) =[0,0,0,1]"86(x — L) is applied at
x = L, we have

) , (A.22)
G (@, k3)ef =) x —x' <0

A=G!l (o, L)- Gl (w,—L) ~ LG (@, k)L, (A.23)

\/2— eff
v/s

Appendix B. Derivation of effective constitutive relations

Substituting Eq. (7) into Eq. (15) gives

¢ (g — ) = —Qefr- (B.1)
Additionally, injecting Eq. (11) into Eq. (8) to eliminate the local state vector uy,. yields

(I-8S)Q = Buy,. (B.2)
where I is the 4 x 4 identity matrix. The ¢ is not a singular matrix in general, so Eq. (B.1) can be rewritten as

up, = U + ¢! Qe (B.3)
In addition, through the elimination of the local actuation vector Q, in Eq. (B.2) and Eq. (16), we find

Puy, = (I— BS) Q. (B.4)
Subtracting Eq. (B.4) by the product of § to Eq. (B.3) gives

B(ues + &' Qegr) = (I BS) Qegel- (B.5)
Reorganizing yields the effective constitutive relations in Eq. (17)

Qs = [(1-88)1 - B¢™| ' Pucgs. ®.6)
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Appendix C. Interpretation of nonlocal effective parameters

According to our effective medium theory, the effective parameters in Eq. (17) depend on both frequency and wavenumber.
However, for freely propagating waves, frequency and wavenumber are not independent but must satisfy the dispersion relation
given in Eq. (36). This implies that the effective parameters are physically meaningful only at frequencies and wavenumbers that lie
on the dispersion curves corresponding to freely traveling waves. This raises an apparent paradox: whether the effective parameters
remain meaningful for arbitrary frequency and wavenumber, or whether the assumption of independent frequency and wavenumber
in the effective parameters requires further justification.

To treat frequency and wavenumber as independent variables, we must consider waves under external excitation. We begin by
introducing a traveling wave excitation of the form

Qe (%, 1) = Qg (@, k) F>=" €.

where Q. (®, k) represents the amplitude, which depends on both frequency and wavenumber. The solution to Eq. (33) can then be
expressed as

U (X, 1) = Ugp (o, ke F =0 (C.2)
where the amplitude vector satisfies
Uepr (@, k) = H(@, ©)™! Qeyy (@, k). (C3)

If the frequency and wavenumber satisfy the dispersion relation, H(w, k) becomes singular, causing the amplitude vector to diverge,
similar to resonance in vibrational systems. To eliminate this singularity, damping can be introduced into the system, ensuring that
the amplitude vector remains finite. Conversely, if the frequency and wavenumber do not satisfy the dispersion relation, H(w, k)
remains nonsingular, and the amplitude vector is naturally finite. In this case, the amplitude vector depends on H(w, k), which in turn
is determined by the effective parameters, allowing frequency and wavenumber to be treated as independent variables.

Next, we consider a more realistic harmonic excitation of the form

Qext(x’ t) = Qext (a)’ x)e—iwt’ (C4)

which can be expanded as
—iwt © X
Quulo) = <= [ ow@metar. ©5)
2r -

For each Fourier component Q.,,(w, k), the corresponding response is given by u.(w, k). Using the principle of superposition, the
total response can be written as

— [oe)
U (1, x) = o H(w, k)™ Qg (@, k)e** d k. (C.6)

2z J o0
This result shows that the state vector response depends on the effective parameters for arbitrary frequency and wavenumber. There-
fore, in the context of excitation problems, frequency and wavenumber can be treated as independent variables. Furthermore, this
approach offers greater flexibility in modulating the effective parameters, as both frequency and wavenumber can be controlled. For
example, a gradient medium with slowly varying properties can be designed using the WKB approximation to develop an elastic ray

theory, enabling novel wave propagation phenomena (Wang et al., 2023).

Appendix D. Geometric and material parameters

The geometric parameters of the model are shown in Fig. D.11 and their values are listed in Table D.1. The host beam is made
of aluminum with a Young’s modulus of 70 GPa, a Poisson ratio of 0.33, and a density of 2700 kg/m?. The piezoelectric patches are
composed of PZT-5H, with material properties available in the COMSOL material library. The capacitor C; in Eq. (38) has a value
of 0.611 pF.

Table D.1
Geometry parameters and their values of the unit cell.

Parameter  Value (Unit) Parameter  Value (Unit)

w 21.9 mm 1 20 mm
w, 16.1 mm 1, 12 mm
w, 8 mm L 4 mm

ws 3.5 mm I 2.9 mm
hy 2 mm h 0.5 mm
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Fig. D.11. Geometric parameters of the unit cell.

Appendix E. Description of transfer function g and feedforward control loop

In practical implementation, a feedforward control strategy is employed to realize the transfer functions in Eq. (38). The schematic
of the feedforward control loop is shown in Fig. E.12. As illustrated, the piezoelectric sensor captures the voltage induced by the
incident wave. This signal is corrected by subtracting the feedback contributions from the actuators at two summing nodes. The
resulting signal is passed through a low-pass filter and then fed into a digital control unit, which includes a band-pass filter and three
internal transfer functions h,, h,, and g, connected via two subtraction loops. The outputs from the digital controller are applied to
the two actuator groups.

We now demonstrate that this feedforward architecture is mathematically equivalent to the transfer relation in Eq. (38):

Vi =h(Vi— gV — V)

(E.1)
Vo= hz(Vs —gVa - gVaZ)'
Solving these equations yields:
V,=H\V,,
al 1Vs (E 2)
Vo = HyV,
where the realized transfer functions H, and H, are related to the internal controller parameters by:
h h
1 2 (E.3)

H, = , H,= .
Y™ T+ g(hy + hy) 27 T+ g(hy +hy)

= = Val Vaz
e £o
— —
25 25 hy h,
Q Q O Q
< <

Fig. E.12. Diagram of the feedforward control loop.

S

To implement the feedback transfer function g, a rational-form function is first specified. Its parameters are identified experimen-
tally by applying voltages to the actuators and measuring the resulting voltage at the sensor, allowing g to accurately emulate the
mechanical feedback path. In our study, we first specify H, and H, as design targets, which can be directly implemented in COMSOL
simulations as nonlocal algebraic coupling relations. In COMSOL, this is implemented using the Global ODEs and DAE:s interface. The
sensor electrodes have their bottom and top surfaces grounded, and a nonlocal operator is defined on the top surface to extract the
sensor voltage V;

v,= L [ D.da (E.4)
CO A

where C, = 1 nF and A is the area on the top surface, and D, is the z-component of electric displacement vector. The global algebraic
relations

i=H\V, V,=HYV, (E.5)
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are then imposed directly in the Global ODEs/DAEs module. The bottom surfaces of all actuators are grounded; the voltages V| and V,
obtained from the algebraic equations are applied to the top surfaces of the left and right actuator pairs, respectively. This procedure
enforces the required nonlocal algebraic coupling between sensing and actuation.

To realize these target transfer functions experimentally, the corresponding internal parameters /, and 4, must be computed using
Eq. (E.3) inversely, enabling the desired control behavior to be physically implemented through the feedforward control loop.

Appendix F. Retrieval of local polarizability tensor

Due to the complexity of the unit cell geometry, accurately relating the local polarizability tensor § to the transfer functions H; ()
and H,(w) analytically is challenging. In this section, we employ a retrieval method to numerically extract the local polarizability
tensor, as illustrated in Fig. F.13(a). The local state vector u,,, is directly obtained from COMSOL, while the local actuation vector Q
is extracted using the scattering method. For each test, given the known u,,. and Q, we obtain four equations from Eq. (8) with g
as the unknown. Since the polarizability tensor contains 16 unknowns, four independent scattering tests are conducted to construct
a system of 16 equations, enabling the unique determination of these unknowns.

F.1. Numerical extraction of the local actuation vector

Here, we utilize the extracted displacement field in the frequency domain to inversely determine the local actuation vector Q. A
unit cell is embedded in the middle of the host beam, with perfect matching layers on both sides (not shown). A unit transverse force
is applied at a specified position in the host beam, as illustrated in Fig. F.13(a). In this section, we use asymmetric constant transfer
function with H,(w) = 0.35 and H,(w) = —0.25. According to Eq. (A.6), the analytical displacement response function at position x
for an excitation applied at the origin is given by

w(0,x) = By ()T Qpe ™ 11¥ 4 B,(x)T Qpe k2. (F.1)

Meanwhile, the scattered displacement field is extracted from COMSOL. For each test, we perform two simulations: one with the
transfer function set to zero and another with a nonzero transfer function. The scattered displacement field is then obtained by
subtracting the displacement field of the zero-transfer-function case from that of the nonzero-transfer-function case. For the ith test,
we acquire the scattered displacement vector w' = [w/(0, x,), ..., w' (0, xy)]" at positions x = [x,,x,, ..., xy]7. At each position, Eq.
(F.1) must be satisfied, leading to

[Bl(xl)Te_ik1|xl| +B2(x1)Te_k2|x1|]Qi = wi(O,x])

[Bl(xz)Te_ikl |x2] + Bz(XZ)Te_k2|x2|]Qi — wi(O, xy) )

[B, e e ilonl 1 By (x )T e 2V QF = wf(0, x ).

Here, N is chosen to be greater than 4, and Q' is determined using the least squares method. To achieve the desired precision, a large
integer N (2000 in this study) is selected. By solving the overdetermined system using the least squares method, we obtain

Q=¢'w (F.3)
where (-)~! denotes the Moore-Penrose pseudoinverse, and the rectangular matrix G is defined as

B, (x )T 7151l 4 B, (x, )T e 211l
B, (xy) e 12l 4 By (x,)T e~k2 12! (F.4)
B, () e Fin] 4 By (x ) e k2lxnl

To assess the accuracy of the inverse extraction, we compare the analytical scattered displacement field, computed using Eq. (F.1)
with the inversely obtained Q', against the scattered displacement field extracted from the COMSOL simulation for the first case, as
shown in Fig. F.13(b). The real and imaginary parts of both results closely match, except in the region very close to the unit cell,
where microstructural effects become significant. This confirms that the point source assumption is valid for our study and that the
inverse extraction method is reliable.

FE.2. Numerical extraction of the polarizability tensor

Now we have four local actuation vectors for four tests. The four local state vectors can be extracted in COMOSL directly. Therefore,
for these four tests, the following condition is satisfied according to Eq. (8)

Q =pu ., i=1234, (E.5)
These linear equations can also be expressed as:
Q' = w4, (DB + 1 ()P +up 33 +up DBy, 1=1.2.3.4, (F.6)
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Fig. F.13. Numerical extraction of the polarizability tensor. (a) Four numerical tests for extracting the polarizability tensor, along with an additional
case for verification. (b) Real part (purple dashed line) and imaginary part (red dashed line) of the scattered displacement field from COMSOL
simulations for the first case in (a), compared with the fitted response of a point source (yellow solid line for the real part and gray solid line
for the imaginary part). (c) Real part (purple dashed line) and imaginary part (red dashed line) of the scattered displacement field from COMSOL

simulations for the verification case in (a), compared with the analytical response of a point source derived from the four tests in (a) (yellow solid
line for the real part and gray solid line for the imaginary part).

where B; (j = 1,2,3,4) is the jth column vector of the matrix §, and u{oc(j) (j = 1,2,3,4) is the jth element of the vector u{oc‘ Eq.
(F.6) can be reformulated as:

Ql ulloc(l)I

w QU w L u (I 8,
Q2 = ulzoc( e ulzﬂc @r ulzoc(?’)I ulzoc @1 ﬁ2 R (E.7)
QS ulsoc( I u130C @r ulSoc(:;)I u130c @1 ﬁ3
Q4 uitoc(l)I ui‘oc(z)I u;‘oc(:;)I ufoc I ﬂ4

where I is the 4 X 4 identity matrix. We concatenate Q' and B; (i = 1,2,3,4) to form larger vectors and assemble u{oc (i=1,2,3,4) into
a matrix

T
(vc)
Ql oc . ﬂl
2 u?
Q= Q3 , Vo = ( 10C>T , B= b, . (F.8)
Q (u3 ) B
Q4 loc . By
(1)
loc
Then Eq. (F.7) can be expressed as
Q=1 ®15, (E.9)
where ® is the Kronecker product. Solving for B, we obtain
B= (U1, ®1)'Q (F.10)

Finally, the local polarizability matrix g is obtained by rearranging the elements of the vector B. Since the polarizability matrix is

generally frequency-dependent, we conduct these four tests at different frequencies and derive the frequency-dependent polarizability
matrix function through curve fitting.

26



S. Wang et al. Journal of the Mechanics and Physics of Solids 211 (2026) 106548

Finally, we verify the local polarizability matrix # through a validation test, as shown in Fig. F.13(c). In this case, the source position
differs from those in the four previous cases. First, the local state vector is extracted, and then the local actuation vector is determined
by multiplying the local state vector by the local polarizability matrix. Using Eq. (F.1), the analytical scattered displacement field
is then computed for the obtained local actuation vector. This analytical result is compared with the scattered displacement field
extracted from the COMSOL simulation in Fig. F.13(c). The consistency between the two results confirms the validity of the point
source assumption and the reliability of the retrieval method for determining the polarizability matrix.

Appendix G. Parity symmetry analysis
Symmetry analysis of macroscopic media

In classical physics, a parity transformation refers to a spatial inversion that changes the sign of spatial coordinates. In one
dimension, it is equivalent to the reflection or mirror transformation. Mathematically, it is expressed as

P
X— —X. (G.1)

where P denotes the parity transformation. In the reciprocal space, it can be expressed as
P
k— —k. (G.2)

Since M (@, k), pep (o, k), kepp(@, k), and y.¢¢(w, k) are symmetric with respect to x = 0, while F ¢ (w, k), Jopt (@, k), v¢(w, k), and
@eri(m, k) are antisymmetric with respect to x =0, it follows that M (@, k), pese(@, k), Kepp(@, k), and yq4¢(w, k) have even parity,
whereas F¢(w, k), Jopi (@, k), vopr(w, k), and @.¢(o, k) have odd parity. This can be expressed as

P P
Mpe(w, k)— Mpp(0,—k),  Kep(@, k)— Kepp(@, —k),

P P
Fopp(w, k)— —Fepp(@,=k),  Yepp(@, k) — =Yg (@, —k),

P P (G.3)
Hepr (0, K)—> pepr(@,=k),  Vegp (@, k) —> g (@, —k),
Jegr (@, k)‘z’ —Jepp (@, =K),  @epp(@, k)z’ —Pesr (@, —k).
We define € = [¢,p]”, X = [0, v]” and constitutive relation in Eq. (24) as
& =S8Z. G4
It can be rewritten as the matrix form
2(w, —k) = PX(w, k), E(w,—k)=PE(w,k) (G.5)
where « is the complex conjugation operator and
1 0 0 0
AR
0 0 0 -1

For the system with parity symmetry, the governing equations of a system must remain form-invariant under parity symmetry.
Therefore, we have the following equations after parity transformation

E(w, —k) = S(w, —k)E(w, —k) (G.7)
Therefore, we have

S(w,—k) =PS(w, k)P~ (G.8)
Substituting Eq. (G.6) into Eq. (G.8), we have

Spw, k) =Splw,k)  Sp(w, k) —Siu(w,k)
-5, (@, k) Sy (@, k) —Sy3(w, k) Sou(@, k)

S(w,—k) = (G.9)
( ) S31(w, k) =Syp(w, k) Sp(w k) —Syu(w, k)
=S4 (w, k) Sy(w, k) —-Syz3(w, k) Sys(w, k)
If parity symmetry is preserved, S(w, —k) must be equal to S(w, k), leading to the result
511(60, —k) = 511(60, k), 512(605 —k) = —512(507 k), 513(60, —k) = 513(605 k) 514(60, —k) = —514(60, k),
Sy1(w, —k) = =5, (@, k), Sy (@, —k) = Sy (w, k), Soz(w, —k) = =Sy3(w, k), S, —k) = Syy(w, k), (G.10)

Ss1(@, —k) = S5 (w, k), S3(w, —k) = =S5, (w, k), Sy3(@, —k) = S33(w, k), S3y(w, —k) = =S54 (w, k),
541(00, —k) = —541(607 k), 542(60, —k) = 542(00, k), 543(00, —k) = —543(607 k), 544(60, —k) = 544(00, k).
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With parity symmetry, the nonlocal Willis couplings (k # 0) can still be nonzero but must satisfy the symmetry conditions given in
Eq. (G.10). This contrasts with the case of a local Willis metabeam (k = 0), where broken parity is necessary for the emergence of
Willis couplings (Liu et al., 2019). Under long wave condition k — 0, antisymmetric coefficients must vanish and we obtain

S12(@) = Sp3(@) = Sy, (@) = Spy(@) = S5, (@) = S34(®) = Spr(@) = Syz(@) =0 (G.11)

For the conventional Willis media, the local Willis couplings (k = 0) vanish when the system preserve the parity symmetry (Liu et al.,
2019; Pernas-Salomén and Shmuel, 2020a,b; Li et al., 2022, 2024; Qu et al., 2022). However, the local Willis couplings S,(®), Sy;(®),
S3,(w), and S, (w) of our metabeam still exist when the system has the parity symmetry. Additionally, when our metabeam preserves
parity symmetry, the off-diagonal local elastic and density constants are zero, while the diagonal local elastic and density constants
remain nonzero.

Symmetry analysis of the microscopic medium

Through the sensor-actuator system, the parity symmetry of the local constitutive relation can be broken. Here we show how this
microscopic symmetry breaking leads to broken parity symmetry in the macroscopic constitutive coefficients. For the local constitutive
matrix, if the system preserves parity symmetry, its entries must satisfy

Bi2(@) = Pi3(w) = fr1 (@) = fra(@) = f31(@) = fa(w) = Pyr(@) = Pyz(w) = 0. (G.12)
These constraints enforce that all couplings between fields of opposite parity vanish. In the homogenized description, nonzero Willis
couplings or asymmetric compliance require violating at least one of these conditions; thus, once any of the above equalities is broken,
the parity symmetry of the macroscopic medium is also broken. In our active metabeam, the sensor-actuator feedback creates nonzero
B, breaks this microscopic parity symmetry, which in turn leads to broken parity symmetry in the macroscopic constitutive tensor
and enables nonzero Willis couplings.

Appendix H. Causality and Kramers-Kronig relations

Here we appeal to the principle of causality and Kramers-Kronig relations, according to which the response at time ¢ is determined
only by the field at the present and at earlier times ¢’ < z.

The constitutive relation in reciprocal space depends on both frequency and wavenumber, indicating nonlocality in both spatial
and temporal domains. In the space-time domain, causality and a finite signal speed ¢ imply that the response kernel vanishes outside
the causal cone,

S(x,t)=0 fort<O0or|x|>ct, (H.1)

so that only sources inside the cone |x| < ¢f and ¢’ <t contribute to the response at (x,7). In the space-time domain, the nonlocal
constitutive relation for a spatially and temporally homogeneous medium can be written as (Leontovich, 1961; Sun and Puri, 1989;
Shokri and Rukhadze, 2019)

t ot
Ex, 1) = / dr’ / dx' S(x —x',t =) X', 1), (H.2)
0 —ct!

where ¢ denotes the maximum group velocity of the medium. For the Timoshenko beam in our nondimensionalization, the group
velocity approaches ¢ = 1 as k — oo, SO we may take ¢ = 1 as the maximal signal speed. The time integral is restricted to #' € [0, {] by
causality, and the spatial integral to |x’ — x| < c(t — '), ensuring that the response at position x and time ¢ depends only on sources
that lie within the causal cone and have had sufficient time for their influence to propagate to x. Considering plane-wave propagation,
the space-time convolution can be written in the (k, ®) domain as

E(k,w) = S(k, ) Z(k, w), (H.3)

where we define the space-time Fourier transform of the response kernel as

o ct
S(w, k) = / dr / dx S(x, 1) @), (H.4)
0 —ct
using the causal support 7 > 0 and |x| < ct. Conversely, the kernel in the space-time domain is obtained from

St = / / S(w, k) e @9 4o dic (H.5)
472 J_o) -0

Therefore, using the inverse space-time Fourier representation of S(x,t), we obtain

00 ct
S(w, k) = / dref®! / dx e** S(x, 1)
0 _

ct

00 ct oo 00
= L dteiwt/ dx S(co’ k/)e—iw’t—ik’x+ikxda)/dk/
47[2 0 —ct —o00J —c0 ’
1 © oo Y ) , ct ) ,
=— / / S(o' k' )da dk’ / drefl(0=')t / dx el (k=K)x
472 J_ o) - 0 et

] o] o o 1 . , , ) , ,
= .4 Rk / / S(w” k’)da)/dk’ / =T [ez(m—a) +ek—ck! )t _ e/(w—w —ck' _Ck)t]dt.
T —o0J —c0 o itk—
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To ensure convergence of the time integral, we add a small positive imaginary part i5 (§ > 0) to the frequency,

1 [ S(e.K) -1 | -
S(w. k)= — - - — + - — |do'dk
472 J_ o) s itk —K') i@ - +c(k—K)+i6) i(w— @ +c(k’ —k)+id)

(H.7)

Lo S(@'¥)
_ __/ / _ __da/dK’.
272 J_ o) e (@ — @ + (k' — k) +i6)(w— & + c(k — k') + ib)
Following the procedure of Sun and Puri (Sun and Puri, 1989), and using the fact that S(w, k) is analytic in the upper half of the
w-plane for fixed k (causality), the above double integral can be recast in the one-dimensional “dispersion” form
1 /°° S(e, k + (@ —w)/c)

Stk =55 o —w»—id

27 do’. (H.8)

Applying the Plemelj formula then yields the wavenumber-dependent Kramers-Kronig relations

© Im[S(a)’, k+ (0 — a))/c)] q

Re [S(w, k)] = %P / P o',
- RS, £0-o/ /)] (H.9)
®© Re @, w —w)/c
Im [S(w, k)| = —%P / P de’.

In the limiting case of an infinite signal velocity, ¢ — oo, the k-shift inside the integrand becomes negligible and the relations reduce
to the standard frequency-only Kramers-Kronig formulas

00 I S ,,k
Re [S(w, )] = 17 / Im (S ) .,
” y Isto (H.10)
1 © Re [S(m’,k)]
tm[S(e. 0} = ‘27’/ I
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