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Abstract

Unlike classical elasticity, Willis media exhibit coupling between stress—velocity and momentum-strain, capturing
additional dynamic interactions in heterogeneous systems. While previous studies have predominantly focused on
the homogenization of passive Willis media, extending these concepts to active systems remains largely unexplored.
In this work, we employ an nonlocal Willis dynamic homogenization for active metabeams that integrates sen-
sor—actuator pairs into a background beam to induce nonreciprocal coupling. By employing a source-driven homoge-
nization approach, our EMT accurately captures the full dispersion curves over the entire Brillouin zone—overcoming
the limitations of static or long-wavelength theories—and enables the definition of a winding number for the frequency
spectrum under periodic boundary conditions (PBC). imaginary part, continuum media Notably, our framework
predicts the emergence of low-frequency shear waves, absent in traditional beam theory, and facilitates direction-
dependent wave amplification and attenuation. Through asymptotic analysis, we determine the frequency spectrum
under open boundary conditions (OBC) and reveal its relationship to the periodic spectrum, with the resulting eigen-
modes (skin modes) exhibiting pronounced edge localization that can be characterized by the generalized Brillouin
zone (GBZ). Furthermore, we establish a bulk—boundary correspondence (BBC) that links the winding number to
the localization direction of skin modes, providing a practical alternative to directly computing the GBZ. Finally, we
demonstrate applications in nonreciprocal filtering, amplification, and interface-localized energy harvesting, paving
the way for next-generation active mechanical metamaterials with tailored wave functionalities.

Keywords: Willis medium, dynamic homogenization, non-Hermiticity, nonlocality, nonreciprocity, topology

1. Introduction

Momentum, a conserved quantity proportional to the product of density and velocity, arises as a consequence of
spatial homogeneity according to Noether’s theorem (Landau et al., 1976; Goldstein et al., 2002). In contrast,
the stress-strain relation—stating that stress is proportional to an elastic constant times strain—is an empiri-
cal law characterizing specific material behavior (Landau et al., 1986). Despite their differing physical origins,
momentum—velocity and stress-strain pairs share a fundamental similarity: they both act as conjugate variables

in the Lagrangian formalism. Classical elasticity treats them independently, but Willis media introduce cross-
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couplings—termed Willis couplings—between momentum and strain, as well as stress and velocity, modifying con-
ventional elastic behavior (Willis, 1981, 1997). These couplings necessitate new homogenization methods including
Green’s function methods and field averaging (Willis, 2009, 2011, 2012; Milton and Willis, 2010; Nemat-Nasser and
Srivastava, 2011; Shuvalov et al., 2011; Norris et al., 2012; Srivastava, 2015; Nassar et al., 2015), asymptotic ho-
mogenization (Nassar et al., 2016), perturbative expansions combined with field averaging (Qu et al., 2022; Milton,
2007), and mode expansion with subspace projection (Ponge et al., 2017; Pernas-Salomén and Shmuel, 2018). Such
approaches have extended Willis couplings to acoustics (Muhlestein et al., 2017; Li et al., 2022, 2024) and piezoelec-
tricity (Pernas-Salomén and Shmuel, 2020b; Pernas-Salomén et al., 2021; Pernas-Salomén and Shmuel, 2020a; Lee
et al., 2023; Baz, 2024; Muhafra et al., 2023). However, homogenization in active systems, where artificial couplings
arise, remains challenging. Source-driven homogenization (Sieck et al., 2017) offers a systematic framework for incor-
porating background media and scatterers, making it a promising approach for studying active systems. This study
extends source-driven homogenization to a non-Hermitian Willis metabeam with sensor-actuator elements, breaking
major symmetry (Fig. 1). We develop an effective medium model that captures high-frequency and short-wavelength
wave behavior, advancing both theoretical and practical understanding of active Willis materials.

Willis media, derived from homogenization theory, exhibit unique properties that drive advanced metamaterial
design. In cloaking, transformed media extend beyond classical elasticity and align with the Milton—Briane-Willis
gauge (Milton et al., 2006; Chen and Haberman, 2023). Willis coupling enables asymmetric reflection (Liu et al., 2019;
Muhlestein et al., 2017) and precise control over polarization, mode conversion, wavefront shaping, and independent
reflection/transmission tuning (Qu et al., 2022; Chen et al., 2020; Li et al., 2018). While most studies focus on passive
Willis systems, integrating active elements, particularly sensor—actuator pairs, leads to novel effects like direction-
dependent wave amplification (Cheng and Hu, 2022) and nonreciprocal wave propagation (Zhai et al., 2019). Despite
these advances, key aspects such as non-Hermiticity, topology (bulk—boundary correspondence), symmetry properties,
and space-time duality remain largely unexplored (Christensen et al., 2024; Yves et al., 2024; Ashida et al., 2020;
Galiffi et al., 2022).

In classical elasticity, material properties remain constant (Landau et al., 1986), whereas metamaterials exhibit
frequency-dependent properties, enabling effects like bandgaps (Huang et al., 2009) and negative refraction (Zhu
et al., 2014). Willis media extend this by introducing both temporal nonlocality (frequency dispersion) and spatial
nonlocality (spatial dispersion). While spatial dispersion is well-established in optics—leading to anisotropic prop-
agation, gyrotropy, and directed energy flow (Agranovich and Ginzburg, 2013; Shokri and Rukhadze, 2019)—it is
uncommon in elasticity. In structured elastic media, it couples material properties to both frequency and wavenum-
ber, altering wave interactions. For free waves, effective properties follow dispersion relations, but external loads that
depend on both parameters can excite waves with arbitrary frequencies and wavenumbers. This nonlocality is cru-
cial for capturing high-frequency and short-wavelength behavior, essential for understanding spectral topology under
PBCs and skin modes under OBCs. However, it also complicates boundary value problems by requiring nonlocal
boundary conditions.

Non-Hermitian systems have advanced significantly since Carl Bender’s discovery that PT-symmetric non-Hermitian
operators can have entirely real eigenvalues (Bender and Boettcher, 1998), challenging the notion that Hermiticity is

necessary for real spectra (Sakurai and Napolitano, 2017) and expanding research in non-Hermitian physics (Bender
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and Hook, 2024). Varying non-Hermitian couplings induces PT-symmetry breaking, leading to a phase transition
from real to complex eigenvalues (Ashida et al., 2020). At the transition point (exceptional point), eigenvalues and
eigenvectors coalesce, enabling novel effects such as enhanced sensor sensitivity and unconventional laser modes (Miri
and Alu, 2019). Simultaneously, the study of topological insulators, rooted in bulk-boundary correspondence, faces
challenges in non-Hermitian systems due to the breakdown of Bloch band theory. This leads to non-Bloch band
theory and the discovery of the non-Hermitian skin effect (Yao and Wang, 2018), which establishes a new form of
bulk-boundary correspondence linking the winding number of the complex frequency spectrum under PBC to skin
modes under OBC (Okuma et al., 2020; Zhang et al., 2020). Many quantum non-Hermitian findings extend naturally
to classical wave systems, including electromagnetic and acoustic waves, due to their shared mathematical frame-
work—eigenvalue problems in the Hilbert space. Non-Hermitian skin modes appear in elastic systems (Chen et al.,
2021), interface modes in metaplates (Wang et al., 2024), and bulk-boundary correspondence in discrete systems (Wu
et al., 2024). However, a systematic exploration of the frequency spectrum under both PBC and OBC, particularly
the role of the GBZ in governing skin modes and extending bulk-boundary correspondence to nonlocal non-Hermitian
Willis systems, remains an open question.

Elastic beams with piezoelectric patches and integrated circuitry serve as a versatile platform for studying un-
conventional elastic waves. They enable observations of the non-Hermitian skin effect (Chen et al., 2021), odd mass
density (Wu et al., 2023), temporal reflection (Wang et al., 2025), frequency conversion (Wu et al., 2022), and topo-
logical pumping (Xia et al., 2021). Beam models also advance Willis media research, from dynamic homogenization
of inhomogeneous Euler—Bernoulli beams (Pernas-Salomén and Shmuel, 2018) to parameter retrieval in Timoshenko
beams with multiple scatterers (Liu et al., 2019; Chen et al., 2020). However, developing a complete EMT for active
Timoshenko beams with multiple scatterers remains an open challenge.

Motivated by the microstructure design in Chen et al. (2020), we introduce non-Hermiticity into a background
beam by embedding sensor—actuator pairs that generate nonreciprocal coupling. Employing a source-driven homoge-
nization method, we develop an effective medium theory for nonlocal non-Hermitian Willis metabeams. This theory
accurately reproduces the full dispersion curves over the entire Brillouin zone—overcoming the limitations of static
or long-wavelength homogenization approaches—and enables the definition of a winding number for the spectrum
under PBC. Moreover, our framework predicts the emergence of a low-frequency shear wave, absent in traditional
beam theory, and facilitates nonreciprocal wave amplification and attenuation. Through asymptotic analysis, we
calculate the frequency spectrum under OBC and reveal its relationship to the spectrum under PBC. The resulting
eigenmodes, or skin modes, under OBC exhibit pronounced edge localization, whose extent can be characterized by
the GBZ derived from the asymptotic analysis. Furthermore, we establish a rigorous bulk—boundary correspondence
for nonlocal non-Hermitian Willis media, elucidating the interplay between the winding number and skin modes; this
correspondence allows one to determine the localization direction of the skin modes using the winding number rather
than the computationally challenging GBZ. Finally, we demonstrate practical applications—including nonreciprocal
filters and amplifiers and interface-localized energy harvesting—paving the way for the next generation of active
mechanical metamaterials with tailored wave functionalities.

This paper is organized as follows. Section 2 presents the source-driven homogenization approach for nonlocal

non-Hermitian Willis metabeams with embedded sensor-actuator elements. Section 3 validates the proposed EMT
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Willis coupling
momentum & stress
strain & velocity

p(w, k) # pT(—w,—k) B(w, k) # D' (~w,—k) C(w, k) # CT(—w, —k)

Dynamics
momentum & velocity

Elasticity
stress & strain

Figure 1: Possible constitutive operators in elastodynamics with broken major symmetry. The broken major symmetry of the elastic
tensor C(w, k) # CT(—w, —k), density tensor p(w,k) # p’ (—w, —k), and Willis coupling tensor B(w, k) # DT (—w, —k) leads to the
non-Hermitian media.

by comparing theoretical dispersion predictions with COMSOL simulations across various parameter regimes. Sec-
tion 4 analyzes key wave phenomena, including low-frequency shear waves, nonreciprocal wave amplification and
attenuation, asymptotic analysis of the open-boundary spectrum, and bulk—boundary correspondence. Section 5 ex-
plores practical applications such as nonreciprocal filtering, amplification, and interface-localized energy harvesting.
Finally, Section 6 summarizes the main findings and outlines future research directions. Additional derivations and

supporting materials are provided in the Appendices.

2. Effective medium theory of nonlocal non-Hermitian Willis metabeam

In this section, we apply EMT to derive the effective constitutive relations for a metabeam embedded with
sensor-actuators (Fig. 2(a)). The homogenization process is illustrated in Fig. 2(b), where sensors and actuators
are modeled as embedded scatterers. We first introduce the Timoshenko beam equations (Section 2.1), forming the
theoretical foundation. The background beam response under external sources (Fig. 2(b), top panel) is analyzed in
Section 2.2, followed by the effective medium response (Fig. 2(b), bottom panel) in Section 2.3. The total response
(Fig. 2(b), middle panel), comprising the microscale local response (Section 2.4) and mesoscale multiple scattering
effects (Section 2.5), leads to the derivation of the effective constitutive relations (Section 2.6). Finally, we formulate

the nonlocal governing equations and boundary value problem (BVP) in Section 2.7.

2.1. Fundamental Equations of the Timoshenko Beam

Consider a Timoshenko beam characterized by mass density p, Young’s modulus F, and shear modulus G. The
material’s response is governed by the balance of linear momentum g and angular momentum J (Yao et al., 2009;
Chen et al., 2020)

Orp = 0 F + f,
O =0, M+ F +q,

(1)

where F' denotes the shear force, M represents the bending moment, and f and ¢ correspond to the external body

torque and transverse body force, respectively. The bending curvature k, shear strain -, rotational angle ¢, and
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Figure 2: Schematic illustration of the EMT for a metabeam and its associated wave phenomena. (a) The unit cell of the metabeam,
featuring a sensor (blue) and four actuators (light gray) in the top panel. The middle panel depicts a finite metabeam consisting of
10 unit cells, while the bottom panel presents its effective medium representation as a nonlocal non-Hermitian Willis metabeam. (b)
A schematic diagram illustrating the wave responses in different configurations: the top panel shows the response of the background
beam, the middle panel includes periodic scatterers embedded in the background beam, and the bottom panel represents the response of
the homogenized effective beam, all under external excitation (blue arrow). (c—f) Demonstrations of various phenomena of the nonlocal
non-Hermitian Willis metabeam: (c) low-frequency shear wave propagation, (d) nonreciprocal wave amplification and attenuation, (e)
the non-Hermitian skin effect, and (f) the non-Hermitian interface mode.

transverse displacement w satisfy the following geometric relations (Yao et al., 2009; Chen et al., 2020)

k=0 +p

v =0,w—1Y+s,
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where p and s represent the external curvature load and shear load, respectively. The general constitutive relation

of the Timoshenko beam is given by (Yao et al., 2009; Chen et al., 2020)

K 1/Dy 0 0 0 M
~ 0 1/Go 0 0 F
= ) (3)
I 0 0 po O dyw
J 0 0 0 Iy oy

where Dy is the bending stiffness, G is the shear stiffness, Ij is the moment of inertia, and pg is the line mass density.
These parameters are defined as Dy = EI, Gy = ksAG, Iy = pI, and py = pA, where A is the cross-sectional area,
ks is the Timoshenko shear coefficient (taken as 5/6), I is the second moment of area, and p is the material density.

Using Egs. (1), (2), and (3), the governing equations can be written in matrix form for the state vector

Clu = Q7 (4)
where
1/Dq 0 0 —Or M p
0 1/Gy  —0s 1 F s
Cl = ’ u = ) Q = (5)
0 0y —po0? 0 w f
Meanwhile, Eq. (4) in the frequency domain e~ is
CQu = Q7 (6)
and in frequency-wavenumber domain e*(F#=«%) jg
Cu=Q, (7)
where
1/Dy 0 0 -0y 1/Dy 0 0 —ik
0 1/Gy =0, 1 0 1/Gy —ik 1
CQ = ’ C = (8)
0 0, w?po O 0 ik Ww?pg O
835 1 0 w2IO ik 1 0 UJ2IO

2.2. Response of the background beam under external sources

Under the external excitation ef(k#—wt)

shown in the top panel of Fig. 2(b), the governing equations for the state
vector of a homogeneous background beam with external sources in the frequency-wavenumber domain are given by
(Chen et al., 2020)

Cuext = Qext, (9)

where the subscript ext denotes the fields in Eq. (7) under external excitation.
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2.3. Response of the effective metabeam under external sources

For the background beam with periodic scatterers under external excitation, as shown in the middle panel of Fig.
2(b), the response consists of the intrinsic behavior of the background beam and multiple scattering effects induced
by the periodic scatterers. In this setup, actuators generate a source vector, making the scatterers function similarly
to external sources.

In the homogenization process, the source vector applied by the actuators is represented as an effective source
vector Qefr. The governing equations for the state vector of the effective metabeam are then given by (Chen et al.,

2020)
Cueff + Qeﬁ" = Qext~ (10)

Here, Qe is an unknown vector dependent on the local response at the microscopic scale and the multiple scattering

effects at the mesoscale, both of which are discussed in the following sections.

2.4. Local response at microscopic scale

The sensor-actuator elements detect the local state vector ujo. and apply the source vector Qg to the beam. The
geometry and material parameters are presented in Appendix A. In our design (Fig. 2(a)), the sensor detects only
the bending curvature, while four actuators apply the bending moment and shear strain. However, this framework
can be extended to systems capable of detecting the complete local state vector and applying the full source vector.
In the frequency domain, the local source vector is related to the local state vector through the polarizability tensor,

modulated by the transfer functions H;(w) and Hs(w), as shown in Fig. 2(a) (Chen et al., 2020),

Qo = ﬂ(w)uloc- (11)

The tensor B(w) is a frequency-dependent local polarizability tensor, with only 811 and B2; being nonzero in our
design, as shown in Fig. 2(a). It is directly linked to the transfer functions implemented via analog or digital circuits
but cannot be determined analytically. Instead, we obtain it using the retrieval method described in the Appendix
E.

As shown in Fig. 2(a), the transfer function defines the relationship between the sensed voltage V, from the

sensing piezoelectric patch and the actuator voltages V; and Vs, given by

Vvl = Hl(w)vm (12)
Vo = Hy(w)Vs.

Here, Vy = [ 4 D= dA/Cy, where A is the top surface area of the sensing piezoelectric patch, D, is the z-component
of the electric displacement vector, and Cj is the capacitance, provided in Appendix A. An example of transfer
function implementation is detailed in Chen et al. (2021).

In general, a transfer function is expressed as the ratio of two complex polynomials. For instance, the transfer

functions Hq(w) and Hy(w) in this study can be written as

M m
Hi(w) = M7 i=1,2, (13)
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where M and N are the highest-order indices, and a,,; and b, ; are the complex coefficients of the mth and nth
order terms in the numerator and denominator polynomials of H;(w), respectively. The local polarizability tensor
is not directly proportional to the transfer functions; however, its elements remain rational functions, as indicated
by our observations and supported by the strong agreement between EMT predictions and COMSOL simulations.

Consequently, the element in the ith row and jth column can be expressed as

M -
Bii(w) = M i j=1,2,3,4, (14)

2 n=0 bn 0"
where M and N denote the highest-order indices, and G, ;; and Bmij are the complex coefficients of the mth
and nth order terms in the numerator and denominator polynomials of 3;;(w), respectively. By leveraging circuit-
based control, each element can be modulated independently, allowing for the realization of an arbitrary local
constitutive matrix that encompasses frequency-dependent responses, positive and negative values, real and imaginary

components, and non-Hermitian configurations.

2.5. Multiple scattering at mesoscropic scale

Next, we analyze the multiple scattering effect in the middle panel of Fig. 2(b). Using Eq. (B.18), the state

vector response at position z due to a point source Q(z’) = é(a’ — nL)Q,, located at 2’ = nL is given by
u(z) = G(w,z —nL)Q,. (15)

where the Green’s function in the frequency domain is defined in Eq. (B.16).
The system in this study is periodic, allowing Bloch’s theorem to be applied to all fields, including the source
vector Q,, (Sieck et al., 2017). Therefore, the source vector Q,, satisfies

Q, = ¢l Q. (16)

Therefore, the total local field wy. at x = 0, excited by all sources, is the superposition of the local fields generated

by each individual internal source and the external field uext

Ujpc = Uext + Z G(w, 0— nL)Qn = Uext + S(UJ, k)QOa (17)
nez

where the scattering matrix is defined as

S(w,k) =Y G(w,0—nL)e*"". (18)

neZ
Here, the summation includes the current scatter at n = 0, unlike previous studies that exclude it to prevent
divergence (Li et al., 2024). In our case, the Green’s function remains finite at n = 0. Moreover, removing the
effect of the current scatter violates the symmetry constraints in Eqs. (33-37) derived from macroscopic theory. By

applying the symmetry condition of the Green’s function in Eq. (C.6), we find that the scattering matrix S satisfies
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the following symmetry properties:

S(w, k) = ST(w, k),
S(w, k) = ST (w, —k), (19)
S(w, k) = S*(—w, —k).

Applying Bloch’s theorem to the source vector Q,, in Eq. (16), the scattering matrix becomes

S(w,k) =Y [Ra(=nL)By(=nL)Te I HReibnl 4 Ry (—nL)By(—nL) e "k cikn

nez
—1 53
) 1 . 1
_ T § i(k1+k)nL - _ _N\T E i(k—ki)nL -
—1 S
) 1 . 1

T ko+ik)nL T tk—ko)nL 20
+Ro(1)Ba(1) (n_§_mj elkatikinL 4 2) + Ry(—1)Bsy(-1) <n§_:1e( nl 4 2) (20)

T e—ZL(kl-‘rk) 1 T eZL(k—kl) 1
=R;(1)B1(1) (1 ey 7 ) + 2) +Ri(-1)B1(-1) (1 7 sy + 2>

. e—L(kz-‘rik) 1 7 eL(ik)—kz) 1
+ Ra(1)B2(1) <16LM + 2) + Ro(—1)By(~1) (MM + 2)

Here, R1(z), Ra(z), B1(x), and Ba(z) only depend on the sign of the spatial coordinate x. Therefore, their values at

x = 1 are used to represent them for positive x, while their values at x = —1 are used to represent them for negative

z. In the final step, the geometric series is used

Zy”: lim Zy”: lim =¥ (21)
n=1

The series converges only if the common ratio satisfies |y| < 1. Strictly speaking, the magnitude of the common
ratio is equal to 1, causing the series to diverge. In this study, we directly neglect the divergent term y™+!. This
approach can be justified by introducing small damping, allowing the wavenumber to have a small imaginary part
such that the common ratio satisfies |y| < 1 (Sieck et al., 2017; Shore and Yaghjian, 2007). Subsequently, the limit
is taken as the damping approaches zero. This procedure is also validated a posteriori, as the dispersion relations

obtained from the effective media closely match those from COMSOL simulation.

2.6. Effective constitutive relations

Next, we derive the effective constitutive relations. Eliminating the external excitation from Eqgs. (9) and (10)
gives

C (ueff - uext) = _Qeﬂ- (22)

Additionally, eliminating the local state vector ujoe from Eq. (11) and (17) yields

(I - /BS) QO = ﬂuexta (23)
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where I is the 4 x 4 identity matrix. Additionally, applying spatial averaging, the effective source vector Qeg relates

to the microscopic point source vector Qg at « = 0 as (Sieck et al., 2017; Chen et al., 2020; Alu, 2011)

1/2
Qu=1 [ o@Qudr = (24)

where [ is the unit cell length. Using Eqgs. (22)—(24), we derive the constitutive relation (detailed derivation in the
Appendix D)

Qeff = Kueffv (25)
where
K=[1-188-8¢7'' 8 (26)
If 3 is nonsingular, Eq. (26) simplifies to
K=[B'-LS-¢] . (27)

when BD are nonzero In Section 2.4, we establish that the local polarizability matrix 3 can be an arbitrary frequency-
dependent but wavenumber-independent matrix. Here, we constrain it to be a real symmetric matrix and an even
function with respect to w. Given ¢ in Eq. (8), S in Eq. (18), and 3 as a real even symmetric matrix, they satisfy

the following symmetry conditions

C(w7k) = C*(fwafk)v S(ka) = S*(7w77k)7 ﬁ(wak) :B*(iwvik)v
C(w7k) = CT(w’k)v S(w7k) = ST(ka)a ﬁ(ka) :ﬁT(ka)’ (28)
C(ka) = CT(UJ,—If), S(wak) = ST(wa_k)7 ﬂ(w’k> :ﬂT(wv_k)'

Since matrix addition, subtraction, and inversion in Eq. (26) preserve these symmetries, the resulting matrix K also
satisfies them.
Substituting Eq. (25) into Eq. (10) in the absence of an external source and comparing it with Eq. (3), we

propose a general constitutive relation for Willis metabeams in matrix form

Keff 1/Do + K11 Ko K3/ (—iw) Ki4/(—iw) Mg
Vet | Ko 1/Go + Koo Koz /(—iw) Koy /(—iw) Fegr 7 (29)
floft Ksi/(—iw)  Ksa/(—iw) po+ Ksz/(—w?)  Ksa/(—w?) Veft
Jeft Ky /(—iw)  Ki/(—iw) Kaz/(—w?) Iy + Kua/(—w?) Deft

Here, veg and e represent the velocity and angular velocity, respectively, satisfying veg = wWeg and @eg = ’lj}eff in

the time domain, and veg = —iwweg and peg = —iwYeg in the frequency domain. Using these relations, we rewrite
Eq. (29) as
€ C B o
= (30)
P D p v

10
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where

e e M, e
€= et y P = peft , O = * y V.= fef ) (31)
Yeft Jeff Feff Peff
and ~

C . 71/D0+K11 K12 B . Klg/(fiw) K14/(—2w)

I Ko 1/Go + Koz Ko /(—iw)  Kaa/(—iw) (32)
p_ | Ka/(iw) Ksaf(—iw) p | 0 + Kas/(-w?)  Ksa/(-w?)

| Kss/(—iw)  Kaza/(—iw) Kiz/(—=w?)  Io+ Kua/(-w?)

Equation (30) represents the effective constitutive relation in compliance form, where B and D are the Willis coupling

matrices. The constitutive matrices satisfy the following conditions

B(w, k) = B*(—w, —k),
C(w, k) = C*(—w, —k), plw, k) = p*(—w,—k), (33)
D(w,k) = D*(—w, —k),

C(w, k) = Cl(w,k), B(w,k)=-D'(w,k), pw,k)=p'(w k), (34)
C(wv k) = CT(wv _k)v B(Wa k) = DT(wa _k)v p(OJ, k) = pT(wv _k)7 (35)

Using Eq. (33) and Eq. (34), we obtain the following symmetry conditions
C(w,k) = CT(—w,—k), B(w,k)=D"(—w,—k), plw,k)=p"(~w,—k), (36)
Furthermore, using Eq. (35) and Eq. (36), we obtain the following symmetry conditions
C(w, k) = C(—w,k), B(w,k)=B(—w,k), D(w,k)=D(—w,k), pw,k)=p(—w,k), (37)

These five symmetry conditions are not independent; rather, Eq. (33), Eq. (36), and Eq. (37) serve as the
fundamental ones in the macroscopic framework, while the remaining two follow from them. Eq. (33) arises from
the requirement that all physical fields in classical physics be real-valued (Agranovich and Ginzburg, 2013; Shokri
and Rukhadze, 2019). Eq. (36) represents the major symmetry of Willis materials, while Eq. (37) corresponds to
time-reversal symmetry (Agranovich and Ginzburg, 2013; Shokri and Rukhadze, 2019; Altman and Suchy, 2011). Eq.
(35) follows from the Maxwell-Betti reciprocity theorem, which itself derives from major symmetry and time-reversal
symmetry (Agranovich and Ginzburg, 2013; Shokri and Rukhadze, 2019; Pernas-Salomén and Shmuel, 2020b).

Our sensor-actuator system can break these symmetry conditions, enabling the realization of unconventional
symmetry-broken nonlocal Willis media. For instance, breaking time-reversal symmetry requires violating the cor-
responding symmetry of the polarizability tensor, i.e., B(w) # B(—w), which can be achieved by implementing
odd-frequency-dependent transfer functions. Breaking major symmetry or Maxwell-Betti reciprocity requires a non-
Hermitian or asymmetric polarizability tensor. By tailoring the polarizability tensor at the microscopic level, EMT
allows for the engineering of macroscopic media with arbitrary symmetry-breaking properties.

Here, material properties depend on both frequency and wavenumber, indicating that the Willis metabeam ex-
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hibits both frequency and spatial dispersion (Agranovich and Ginzburg, 2013). Frequency and wavenumber are
treated as independent variables, as discussed in Appendix F. In the spacetime domain, these dependencies trans-
late into nonlocal constitutive relations, which are expressed in convolution form (Agranovich and Ginzburg, 2013;
Jackson, 2012; Pernas-Salomén and Shmuel, 2020a).
e(t, ) _ /t /‘X’ C(t,t';z,2") Bt t;z,2) o(t',z) o’ (38)
p(t,x) —ooJ—oo | D(t,tsx,2") p(tt;x,2) v(t',a')

If the medium’s properties remain constant over time (time-independent), translational symmetry in the time domain
is preserved, making the constitutive matrix dependent only on the time difference ¢ — ¢’ (Agranovich and Ginzburg,
2013). Similarly, if the medium is spatially uniform, all points are equivalent, and the constitutive matrix depends

only on the spatial difference x — 2’ (Agranovich and Ginzburg, 2013). Under these conditions, we obtain

et,z) | [t (| Cit-tz—2a) BE-t,z—2) o(t',z) L
ot ) —/_oo /_OO D( dt'dx (39)

t—to—1a') plt—t,x—2a) v(t', a')

The quantity W, representing €, p, C, B, D, p, o, and v, is related in real space and reciprocal space through the

Fourier transform

1 (oo} [ee] .
U(tx) = - / / W (w, k)et ko=t qodt (40)

and its inverse transform,

1 [ .
U (w, k) = 2—/ / W(t,z)e ko=t dhdw. (41)
T J—coJ=—00
Since all wave fields in classical physics are real-valued in real space, the Fourier transform satisfies

P(w, k) =¥ (—w, —k). (42)

This symmetry condition, imposed by physical constraints at the macroscopic scale, aligns with the microscopic

symmetries of the constitutive matrix in Eq. (33).

2.7. Governing equations and boundary value problem

In this section, we discuss the governing equations and the BVP. For the effective nonlocal non-Hermitian Willis
metabeam, the effective state vector remains governed by Eq. (1) and Eq. (2). Utilizing the constitutive relation in

Eq. (39), the governing equation for the state vector in the space-time domain is expressed as

0 _a:v t o
o(t,7) + / / Clt—t,5— Vot ') + Bt — ', 2 — 2 )orw(t, 2 )dt'de' = qu  (43)
—83; 1 —oo0 Joo

0 690 t e3¢}
w(t,z) + 0, / / D(t—t,z—2"Yo(t' 2')+pt—t,z—2")ow(t' z')dt'dx’ = qo (44)
ar 1 —oo J oo
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where w = [w, ¥]T, Q1 = [Pext Sext) > and qz2 = [fext, Gext]’ - In the frequency-wavenumber domain, the governing

equations take the form

Hueff == Qexta (45)

where
0 0 0 —ik
0 0 —ik 1 C —iwB
H= + . (46)
0 %k O 0 —iwD  —w?p

ik 1 0 0

In the absence of an external source, the dispersion relations are obtained by setting the determinant of the coefficient
matrix to zero

det(H) = 0. (47)

For each w and k satisfying the dispersion relations, the corresponding solution ueg in Eq. (45) represents the
eigenvector.

For the vibration problem, boundary conditions are required to determine the eigenfrequencies and eigenmodes of
the metabeam. Based on the boundary conditions of the conventional Timoshenko beam, the most relevant boundary

conditions for the nonlocal non-Hermitian Willis metabeam are listed below

Fixed : Weff = 0, ¢eﬂ =0
Simply supported : weg =0, Mg =20 (48)
Free : Meg =0, Feg=0

In our formalism of Willis media, the bending moment, shear force, displacement, and rotational angle are integrated
into a state vector, allowing them to be directly prescribed as boundary conditions. This approach eliminates the
challenges of the conventional Willis media framework, which involves second-order derivatives. In the traditional
formulation, the nonlocal constitutive relations in Eq. (25) express the bending moment and shear force in terms
of displacement and rotational angle, making their boundary conditions nonlocal. As a result, solving nonlocal

boundary conditions analytically becomes intractable, requiring advanced numerical methods (Rabczuk et al., 2023).

3. Validation of the effective medium theory

In this section, we validate the EMT by comparing its predicted dispersion relations with those from unit cell
analysis using COMSOL simulations across various transfer functions, including symmetric real, antisymmetric real,
asymmetric real, frequency-dependent real, and antisymmetric imaginary cases. By accounting for spatial dispersion
effects, the nonlocal EMT accurately captures wave behavior, including nonreciprocal propagation, attenuation, and
amplification, even in high-frequency and short-wavelength regimes—where conventional homogenization theories
often fail.

In our study, the sensing piezoelectric patch detects only the bending curvature, while the actuating piezoelectric

patch applies only the bending moment and shear strain. Consequently, only 5117 and 21 are nonzero in the local
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Figure 3: Effective material properties and dispersion relations for symmetric and antisymmetric real transfer functions. (a—c) Symmetric
transfer functions: (a) Real part of C11 as a function of frequency and wavenumber. (b) Real part of the dispersion curves from unit
cell analysis in COMSOL simulations (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid line). (c) Imaginary part
of the dispersion curves from COMSOL unit cell analysis (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid line).
(d—f) Antisymmetric transfer functions: (d) Real part of C21 as a function of frequency and wavenumber. (e) Real part of the dispersion
curves from COMSOL unit cell analysis (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid line). (f) Imaginary part
of the dispersion curves from COMSOL unit cell analysis (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid line).

14



270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

polarizability tensor. Under this condition, Eq. (26) simplifies to

1
Ci=—+Kn

Do (49)
021 = K217

where
 Bua(bakt + bok? + Do)

o (l4k’4 + a2k2 + alk + ap
Ba1 (bak* + bak? + bo)
o ask* + ask? + a1k + a07

(50)

and
by = —DoB1190

by = w? (Dopo + Logo)

by = pow? (—Iow® + go)

ag = Dolgo (=1 + S12821 + S115811) (51)
ay = —w? (—Dolpo — Tolgo + Dol S12821p0 + IolS1282190 + Dol S11611p0 + DoloBi1go + Lol S1151190)

a1 = —DofBa1 gow? poi

ap = —w?py (—Iow? + go) (—1 + 1S12821 + DofB11 + 1S11811) -

As w — 0, we also have k — 0, reducing Eq. (50) to

1 P11
Cii=—+——
" Do " I-Dofn (52)
Cp— P2
I = Do’

Here, the material properties become wavenumber-independent, reducing the medium to a local EMT, accurately
matching the dispersion relations in the low-frequency and long-wavelength regime. Additionally, 811 influences both

C11 and C9; simultaneously. For small (811, the leading-order term is given by

1
Cu= g+ 7
0 53
B 59)

021 = T

In this case, 811 and f2; independently contribute to Cy; and Coaq, respectively.

In Eq. (50), K11 and K are proportional to $11 and (a1, respectively, each scaled by a rational function. For a
symmetric transfer function where H;(w) = Ha(w), the actuators generate only bending moments, making /311 the
only nonzero component. Consequently, K77 is nonzero, modifying the effective bending stiffness in Eq. (30). For an
antisymmetric transfer function where H; (w) = —Ha(w), the actuators generate only shear strain, resulting in 827 as
the only nonzero component. In this case, K21 becomes nonzero, leading to the formation of effective shear stiffness
in Eq. (30). For an asymmetric transfer function, where H;(w) # Ha(w) and H;(w) # —Hz(w), both Ky and Ko
are generated simultaneously. Additionally, in our study, the imaginary part of the rational function is significantly

smaller than the real part. As a result, when the transfer functions H;(w) and Hs(w) are purely real, K17 and Ko
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Figure 4: Effective material properties and dispersion relations for asymmetric real transfer functions. (a) Real part of C11 as a function of
frequency and wavenumber. (b) Real part of C21 as a function of frequency and wavenumber. (c) Real part of the dispersion curves from
unit cell analysis in COMSOL simulations (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid line). (d) Imaginary
part of the dispersion curves from COMSOL unit cell analysis (purple dots), nonlocal EMT (orange dots), and local EMT (gray solid
line).

are nearly real. Similarly, when the transfer functions are purely imaginary, K71 and K5 are nearly imaginary. For
complex transfer functions, K17 and Ko are generally complex-valued.

Next, we examine the effective properties and dispersion relations for different transfer functions. For symmetric
transfer functions with H; (w) = Ha(w) = 0.05, Fig. 3(a) presents the real part of C71, while the imaginary part is
omitted as it is negligibly small. The dispersion curves from COMSOL simulations, the nonlocal effective C1; from
Eq. (49), and the local effective Cq; from Eq. (52) are shown in Fig. 3(b,c). The dispersion curves from the local
EMT align well with COMSOL simulations in the low-frequency and long-wavelength regimes but deviate at high
frequencies and short wavelengths. In contrast, the nonlocal EMT provides a close match to the COMSOL results
across both low- and high-frequency ranges, demonstrating its superior accuracy in capturing wave dynamics over a
broader frequency and wavelength spectrum compared to the local EMT.

For antisymmetric transfer functions with H; (w) = —Ha(w) = 0.3, the effective properties and dispersion curves
are shown in Fig. 3(d—f). Only the real part of Co; is displayed, as the imaginary part remains small and is therefore
omitted. The presence of a nonzero real Cy; introduces an imaginary component in the dispersion curves. The
local EMT accurately captures both the real and imaginary parts of the dispersion relations in the low-frequency
and long-wavelength regimes, while the nonlocal EMT extends this accuracy to high frequencies and short wave-
lengths. The emergence of Cy; breaks the major symmetry, rendering the medium non-Hermitian and introducing a
nonzero imaginary component in the dispersion relation. Furthermore, the imaginary part of the dispersion relation

is antisymmetric with respect to the wavenumber, leading to wave attenuation for left-propagating waves (nega-
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Figure 5: Effective material properties and dispersion relations for local resonant and antisymmetric imaginary transfer functions. (a—c)
Local resonant transfer functions: (a) Real part of Ci1 as a function of frequency and wavenumber. (b) Real part of the dispersion
curves from COMSOL unit cell analysis (dark purple dots for the lower band, light purple dots for the upper band) and from EMT (dark
orange dots for the lower band, light orange dots for the upper band). (c) Imaginary part of the dispersion curves from COMSOL unit
cell analysis (dark purple dots for the lower band, light purple dots for the upper band) and EMT (dark orange dots for the lower band,
light orange dots for the upper band). (d—f) Antisymmetric imaginary transfer functions: (d) Real part of C21 as a function of frequency
and wavenumber. (e) Real part of the dispersion curves from COMSOL unit cell analysis (purple dots) and EMT (orange dots). (f)
Imaginary part of the dispersion curves from COMSOL unit cell analysis (purple dots) and EMT (orange dots).

tive wavenumber) and amplification for right-propagating waves (positive wavenumber). This asymmetry induces
nonreciprocal wave propagation due to non-Hermiticity.

For asymmetric transfer functions with Hq(w) = 0.35 and Ha(w) = —0.25, which incorporate the effects of both
symmetric and antisymmetric transfer functions, the effective properties and dispersion curves are shown in Fig. 4.
In this case, both C7; and Cs; are nonzero, resulting in a downward shift in the real part of the dispersion curve
and the appearance of an imaginary component in the dispersion relation. The local EMT accurately captures the
dispersion curves in the low-frequency and long-wavelength regimes but shows deviations at high frequencies and
short wavelengths. In contrast, the nonlocal EMT closely matches the COMSOL simulation results across both
regimes, demonstrating its effectiveness in capturing wave dynamics over a broader frequency and wavelength range.

Our EMT extends beyond constant transfer functions and applies to frequency-dependent transfer functions,

including the local resonant transfer function discussed here. We consider antisymmetric transfer functions given by
Hi(w) = —Ha(w) = — L (54)

where wy = 40007 Hz. In this case, H;(w) is negative for w < wyq, positive for w > wyp, and singular at w = wyp.
The antisymmetric transfer function induces a nonzero Cs;, breaking Hermiticity and resulting in nonzero imaginary
dispersion curves. The presence of local resonance splits the dispersion curve into two branches, with the imaginary

dispersion curves exhibiting frequency sign reversal due to the sign change of Co; at wg. The nonlocal EMT closely
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matches the COMSOL simulation results for both real and imaginary dispersion curves across high-frequency and
short-wavelength regimes, as shown in Fig. 5(a-c), demonstrating its effectiveness in capturing wave dynamics for
frequency-dependent transfer functions over a broad frequency and wavelength range.

Non-Hermiticity alone does not necessarily lead to a complex spectrum. For instance, eigenvalues remain real in
the PT-unbroken phase and can also be real in a more general pseudo-Hermitian system (Ashida et al., 2020). In our
system, verifying the pseudo-Hermitian condition is challenging, yet we observe a real spectrum for antisymmetric
imaginary transfer functions. For transfer functions H; (w) = —Ha(w) = 0.3¢, Fig. 5(d) presents the imaginary part
of C51, while the real part is omitted as it is negligibly small. The nonzero C; breaks the Hermitian condition,
yet the spectra in Fig. 5(e,f) remain purely real. However, the real part of the dispersion curve is asymmetric with
respect to the vertical axis, as the nonzero Cy; breaks parity symmetry. The agreement between the dispersion
curves from COMSOL simulations and EMT in Fig. 5(e) confirms this asymmetry, demonstrating the validity of

EMT for purely imaginary transfer functions.

4. Wave phenomena in non-Hermitian Willis beam

4.1. Dispersion curves and mode characterization of flexural waves

Flexural wave characterization+Physical mechanism In our study, only K5, and Kj; are nonzero. Thus, the

dispersion equations in Eq. (45) simplify to

Ch1 0 0 —ki Mg 0
C. 1/Gy  —ki 1 F, 0
21 1/Go fF _ (55)
0 ki w?po 0 Wefr 0
ki 0 0 Jyw? Veft 0
where C1; and Cy; are defined in Eq. (49). Eliminate Mg and Feg gives
_011 (—QJQpO =+ Go]gQ) —Gok(CHi — 021]{}) Weff _ 0 (56)
C11Goki —C11Go + 011J0w2 — Co1Goki — k2 Veft 0
Assuming weg as 1, we have
C11Goki
_ _ 57
Ver C11Go — C11Jow? + Ca1 Goki + k? (57)
The ratio of shear strain and rotation angle is defined as
Vet _ thwer — e (Cr1i — O91k)(=Criw?po + 2C11Gok? + Co1 Gok*i) (58)

wcff B q/)cf'f N C11(*w2po + GokQ)(Cll + Oglki)i

As shown in Fig. 6, the magnitude of the ratio of shear strain to rotation angle increases significantly compared to the
traditional Timoshenko beam model, making the shear effect observable when Cbs; is nonzero for the antisymmetric
transfer functions H; = —Hy = —1. This indicates that the Willis metabeam in our study can support shear waves

at low frequencies, a feature absent in classical beam models.
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Figure 6: The magnitude of the ratio of shear strain to rotation angle from COMSOL simulations (purple solid line with circles),
local EMT (gray solid line), and the traditional Timoshenko beam model (orange solid line). Here, antisymmetric transfer functions
Hi{ = —Hy =1 are used.

4.2. The broken reciprocity theorem

In local media, the reciprocity theorem is equivalent to major symmetry (Nassar et al., 2020). However, in
nonlocal media, major symmetry alone does not ensure reciprocity. Instead, reciprocity arises from the combined
presence of major symmetry and time-reversal symmetry (Shokri and Rukhadze, 2019). In our system, the presence
of C9; breaks major symmetry, leading to reciprocity violation. Next, we examine reciprocity and its breaking,
starting with the Green’s function. The Green’s function of Willis metabeam in the frequency-wavenumber domain
satisfies

HG.g(w, k) =1L (59)
The presence of Cy; breaks the symmetry condition of H.
H(w, k) # H (v, —k), (60)
Therefore, the Green’s function Geg = H™! no longer satisfies the symmetry condition
Ger(w, k) # Geg(w, —k), (61)

which translates to

Geg(w,z — ') # Glp(w, 2’ — ) (62)

in the spatial domain. For an external load Qext, the corresponding response is given by

et (w, 7) = /L Gt (0, 2 — ') Qune (') (63)

in the spatial domain. To evaluate the reciprocity condition, we conduct two load-response tests. In the first case, the
1

ext

2

applied load is QL. (w,z) with the corresponding response ulg(w, x), while in the second case, the load is Q2 (w, z)
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with the response u%;(w, z). The reciprocity condition is given by (Nassar et al., 2020)

/ (W) (@, 2) Qi (0, 7)edr = / (ul)7 (@, 2) QR (w, )i (64)
L

L

Using Eq. (62), the reciprocity condition can be rewritten as

[ [ (@ @Gl - Qb () deds’ = [ [ (Qh)T ()Gl — ) Qg w0) o’ (65)
LJL LJL

Taking the transpose and interchanging x and z’ on the right-hand side, we obtain

/ / (Q2)T (w,2)) Gy (w, 7 — 2') Qe (0, ) dvda’ = / / (Q2)" (@, ') Gegt (w0, ' — 2)Qly (w, x) duda’.  (66)
LJL LJL

Therefore, Eq. (66) shows that the reciprocity condition in Eq. (64) is equivalent to the symmetry condition of the
Green’s function,

Gegr(w,z — J’Jl) = Ggff(wax, — ). (67)

In our study, the presence of Cy; breaks this symmetry condition, leading to the inequality in Eq. (62). As a result,
the equality in Eq. (66) is violated, thereby breaking the reciprocity theorem in Eq. (64).
We now numerically verify the breaking of the reciprocity theorem using COMSOL simulations with constant

antisymmetric transfer functions H;(w) = —Hs(w) = 0.3. Two numerical tests are performed: in the first case, a
1

unit shear force QL. (z) = [0,0,0,1]78(z + 6l) is applied at x = —6[, and the resulting displacement w; is measured

at x = 61, as shown in Fig. 7(a). In the second case, a unit shear force Q2% (z) = [0,0,0,1]76(z — 61) is applied at

x = 6l, and the displacement wy is measured at x = —61, as illustrated in Fig. 7(a). The difference between the

left-hand side and right-hand side of Eq. (64) is given by
A = (uZg)" Qewe — (o) Qi = w2 — w1, (68)

The measured magnitude of A, normalized by |ws|, as a function of frequency is shown in Fig. 7(b). Since |A|/|w;|
is nonzero, A does not vanish, confirming the violation of the reciprocity theorem.

For a shear load applied on the left, the wave in the metabeam undergoes attenuation. This attenuation can be
characterized using the k-w dispersion relations. By sweeping w from 1 kHz to 10 kHz, the corresponding k values
are obtained by solving Eq. (47). The resulting dispersion curves are shown in Fig. 7(c) (3D view), Fig. 7(d) (front
view), and Fig. 7(e) (top view). As an example, at an excitation frequency of 4 kHz, the imaginary parts of both
wavenumbers are positive, indicating wave attenuation in the metabeam, as shown in the top panel of Fig. 7(a).
Furthermore, in Fig. 7(f), the imaginary wavenumber matches the decay factor observed in the logarithmic plot of

the transverse displacement magnitude, confirming the attenuation behavior.

4.8. Bulk-boundary correspondence

In Hermitian systems, the governing operator is Hermitian, ensuring real eigenvalues. In classical elasticity, for

example, the governing equation can be expressed as an eigenvalue problem in Hilbert space, where the Hermitian
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Figure 7: Nonreciprocal wave propagation in Willis media. (a) Displacement response under two shear force loads applied at the right
(top panel) and left (bottom panel) with an excitation frequency of 4 kHz. The corresponding displacements are measured at the opposite
ends. (b) Normalized displacement difference as a function of excitation frequency. (c) 3D view of the k-w dispersion curves, where the
orange point corresponds to the excitation frequency of 4 kHz in the bottom panel of (a). (d) Front view of the k-w dispersion curves.
(e) Top view of the k-w dispersion curves. (f) Displacement field extracted along the middle line of the bottom panel in (a), with the
slope of the gray solid line corresponding to the imaginary part of the orange point in (e).

nature of the operator guarantees real frequency spectrum. However, in non-Hermitian systems, this condition no
longer holds, allowing complex frequency spectrum to emerge.

Despite the presence of non-Hermiticity, Bloch’s theorem remains valid for systems that maintain linearity and
periodicity. Consequently, the dispersion relation is still well-defined, and non-Hermitian systems exhibit frequency
periodicity in both the real and imaginary axis within the first Brillouin zone. As a result, the frequency spectrum
under PBC forms closed loops in the complex plane, each characterized by a topological invariant known as the
winding number, which arises from differential geometry.

Under OBC, non-Hermitian systems exhibit the ”skin effect”, where most eigenmodes localize near the boundaries,
forming ”skin modes” (Yao and Wang, 2018). Studies (Okuma et al., 2020; Yang et al., 2020) show that the existence
and localization direction of these modes are governed by the winding number: a nonzero winding number indicates
the presence of skin modes, while its sign determines their localization direction. This relationship establishes a new
form of bulk-boundary correspondence unique to non-Hermitian physics.

In the following section, we outline the method for calculating the winding number of the frequency spectrum
under PBC, conduct an asymptotic analysis to derive the frequency spectrum under OBC, and extend the non-

Hermitian bulk-boundary correspondence to Willis media.

4.8.1. Winding number of the frequency spectrum under PBC
In our system, multiple eigenfrequencies, denoted as w,(k), may exist for a given wavenumber under PBC. In

non-Hermitian systems, the frequency spectrum is generally complex and can form a loop enclosing a base point wy,.
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Figure 8: Bulk-boundary correspondence of the winding number and skin mode. (a) Frequency spectrum for the flexural mode of a
metabeam under PBC (gradient-colored dots) and fixed boundary conditions (red dots) from COMSOL simulations. The gray solid loop,
obtained from the dispersion relation in Eq. (47), and the orange solid line, derived from the BVP in Eq. (78), represent the effective
non-Hermitian Willis medium. (b) GBZ associated with the frequency spectrum under fixed boundary conditions, represented by the
orange solid line in (a). (c) Eigenmodes from COMSOL simulations corresponding to the starred locations in the frequency spectrum
and their associated GBZs. In (a—c), the transfer functions are H; = —Hs = 0.3 in the left panel, Hi = —H2 = 0 in the middle panel,

and Hy = —Hs = —0.3 in the right panel.
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Frequency spectrum for the flexural mode of a metabeam under PBC (gradient-colored dots) and fixed boundary conditions (red dots)
from COMSOL simulations. The gray solid loop, obtained from the dispersion relation in Eq. (47), and the orange solid line, derived from
the BVP in Eq. (78), represent the effective non-Hermitian Willis medium. (b) Eigenmodes from COMSOL simulations corresponding
to the starred locations in the frequency spectrum (a).

This loop remains topologically protected as long as w; remains inside it. In one-dimensional systems, such loops

are quantitatively characterized by the winding number of the spectrum (Ashida et al., 2020), given by

" dk d
= —— (k) — . 69
v =3 [ g orelalh) (69)
For antisymmetric transfer functions H;(w) = —Ha(w), the complex frequency spectrum under PBC is shown in

Fig. 8(a) for Hy(w) = 0.3 (left panel), H(w) = 0 (middle panel), and H;(w) = —0.3 (right panel). In the left panel,
the spectral loop rotates clockwise as k varies from —n/l to 7/l, yielding a winding number v(w,) = —1 for any
base frequency wj enclosed by the loop. In the middle panel, the frequency spectrum collapses to a line, indicating
a winding number of zero for any wy,. In the right panel, the spectral loop rotates counterclockwise as k varies from
—m/l to 7/l, resulting in a winding number v(wp) = 1 for any base frequency wj, inside the loop.

For antisymmetric transfer functions H; (w) = —Hz(w) = 1, the complex frequency spectrum under PBC is shown
in Fig. 9(a). The spectrum forms a clockwise loop, indicating a winding number v(wp) = —1 for any base frequency
wyp, enclosed by the loop. When the antisymmetric transfer function follows Eq. (54), the complex frequency spectrum
under PBC is shown in Fig. 10(a). In this case, the spectrum consists of a counterclockwise loop on the left and a

clockwise loop on the right. Consequently, the winding number v(wy) is 1 for any base frequency wy, inside the left

loop and -1 for any base frequency inside the right loop.

4.8.2. Asymptotic analysis of the frequency spectrum under OBC

Next, we address the BVP for a finite beam with specified boundary conditions. While non-Hermiticity often
introduces significant complexity, an intriguing simplification emerges when the beam becomes very long: in this
limit, the BVP effectively becomes independent of the specific boundary conditions. That is, for L — oo, certain
non-Hermitian complexities are mitigated compared to the Hermitian case. In this section, we apply asymptotic

analysis to determine the frequency spectrum under OBC by taking the beam’s length L to infinity. This approach
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Figure 10: Frequency-dependent skin mode and its bulk-boundary correspondence for transfer functions in Eq. (54). (a) Frequency
spectrum for the flexural mode of a metabeam under PBC (gradient-colored dots) and fixed boundary conditions (red dots) from
COMSOL simulations. The gray solid loop, obtained from the dispersion relation in Eq. (47), and the orange solid line, derived from
the BVP in Eq. (78), represent the effective non-Hermitian Willis medium. (b) Eigenmodes from COMSOL simulations corresponding
to the starred locations in the frequency spectrum in (a).

yields two algebraic equations whose solutions not only provide the OBC frequency spectrum but also identify the
GBZ—a concept unique to non-Hermitian systems. All derivations in this section are based on EMT, so the subscript
eff is omitted for clarity.

For the non-Hermitian medium, the dispersion relation in Eq. (47) yields four wavenumber roots for a given
frequency, denoted as k,, for n = 1,2, 3,4. The general solution for the transverse displacement of the non-Hermitian

Willis metabeam is given by

4
w(z) = Z Apetkn® (70)
n=1
where A,, are the corresponding coefficients. The rotational angle is expressed as
4 .
1/1(1‘) = Z AnRzelk"m (71)
n=1
where Ry is defined in Eq. (B.13). Now, we consider the BVP using fixed boundary conditions as an example:
w(0) =0, ¥(0)=0, w(L)=0, (L)=0. (72)

where L is the length of the finite metabeam. Substituting the wave solutions into these boundary conditions, we

obtain the following equations

1 1 1 1 Ay 0
R}ﬂ Ri be be As 0 (73)

oik1L eikaL oiksL gikaL As o 0

qupeile RieikQL preikgL Rieik@ Ay 0
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Setting the determinant of the coefficient matrix to zero yields the frequency spectrum under fixed boundary condi-

tions
1 1 1 1
R! R? R3 R
4 P ' P _ P _ P -0 (74)
e’Lk‘lL e’Lk‘zL e’Lk‘gL 62k4L

Rllpeile R?peikgL R?peikgL R;lbeiluL
Next, we derive the GBZ by extending the method developed for lattice systems (Yokomizo and Murakami, 2019).

The solution of Eq. (74) simplifies for large L, forming the corresponding continuum spectrum. Expanding the

determinant in Eq. (74), we obtain

Fi (Fow) Ot By (R el R0 4y (B ettt

(75)
+ Fy (lg, w) ilhaths)l | o (E, w) ellh2th)l 4 p (E, w) etk tha)L _

Here, k = [k1, ka2, k3, k4], and FZ(/;, w) (i =1,2,...,6) are coefficients that depend on both frequency and wavenum-
bers, obtained by expanding the determinant in Eq. (74). We now analyze the asymptotic behavior of the solutions
of Eq. (75) for large L, where the wavenumbers are ordered as Im(k;) < Im(ko) < Im(k3) < Im(ky) for convenience.
If Im(ky) # Im(ks), only one leading term proportional to Fg(k,w)ei s T5)L remains in Eq. (75) in the limit of

large L. This leads to
Fe (E w) —0 (76)

which does not depend on L and does not allow for a continuous frequency spectrum.
On the other hand, when Im(ky) = Im(ks3), two leading terms proportional to e?(F2+tk)l and ei(ks+k)L remain,
allowing Eq. (75) to be rewritten as
) Fs (E, w)
eilke=ka)l = 2 £ (77)
Fy (E, w)
In such a case, we can expect that the difference between Re (k2) and Re (k3) can be changed almost continuously
for a large L, producing continuum frequency spectrum.
Finally, in the asymptotic limit L. — oo, the boundary value problem of the nonlocal non-Hermitian metabeam
reduces to two algebraic equations:
[H(w, k)| =0,

(78)
Im (k2 (w)) = Im (ks (w)) -

For a given complex frequency w, the first equation in Eq. (78) yields four frequency-dependent wavenumbers k; (w),
ka(w), ks(w), and k4(w), ordered as Im(k;) < Im(k2) < Im(ks) < Im(k4). Among these, the second and third
wavenumbers satisfy the second equation in Eq. (78). The first equation is complex and can be decomposed into two
real equations, yielding a total of three real equations involving four independent real variables: Re(w), Im(w), Re(k),
and Im(k). As a result, the solutions (Re(w),Im(w), Re(k),Im(k)) form continuous curves in the four-dimensional
space. When projected onto the complex w-plane, these solutions appear as continuous curves, ensuring that the
frequency spectrum remains continuous. Similarly, their projection onto the complex k-plane forms continuous curves,

known as the GBZ. The GBZ extends the Brillouin zone concept from Hermitian physics and plays a fundamental
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role in non-Hermitian physics. It is crucial for reconstructing the bulk-boundary correspondence of the Chern number
and topological edge modes, as well as for computing the Green’s function to determine system responses, such as
stress or strain, under external excitations in engineering applications.

As mentioned earlier, Eq. (78) includes a complex equation. Unlike in non-Hermitian local media, where dis-
persion relations can be transformed into polynomial equations and efficiently solved using resultant-based methods
from algebraic geometry, the dispersion relations here are transcendental. Consequently, the resultant-based method
fails, necessitating direct numerical solutions. However, solving complex equations numerically is challenging since
many numerical methods are designed for real-valued equations. To address this, for a given variable such as Re(w),
Eq. (78) can be reformulated as three real equations involving three real independent unknowns. Numerical tech-
niques such as Newton’s method, iterative solvers, or gradient-based optimization can then be applied. Here, we
use "fsolve” function in MATLAB. By sweeping Re(w) over the desired range, continuous frequency spectra and
generalized Brillouin zones can be obtained.

In deriving Eq. (78), fixed boundary conditions were used. However, in the asymptotic limit, the frequency
spectrum equation in Eq. (78) remains independent of the specific boundary conditions. For other boundary
conditions, such as free, simply supported, or mixed conditions, the coefficients FZ(/;, w) (1 =1,2,...,6) will change,
but the spectrum condition Im (k23(w)) = Im (ks3(w)) remains unaffected. Therefore, the frequency spectrum can be
determined by solving Eq. (75) regardless of the boundary conditions. In other words, the frequency spectrum under
OBC is independent of the specific type of boundary conditions.

The frequency spectra under OBC for various transfer functions are shown as orange solid lines in Fig. 8(a), Fig.
9(a), and Fig. 10(a), closely matching the eigenfrequencies obtained from COMSOL simulations (red dots). Minor
discrepancies arise due to the finite beam length in the COMSOL model and diminish as the beam length increases.
The corresponding eigenmodes, shown in Fig. 8(c), Fig. 9(b), and Fig. 10(b), exhibit localization at the edges and
are therefore identified as skin modes. These skin modes display exponential localization, with exponential factors
determined by the GBZ. For instance, the GBZ corresponding to the frequency spectrum in Fig. 8(a) is shown in
Fig. 8(b). In the left panel of Fig. 8(b), the GBZ is below the horizontal axis, indicating positive exponential factors,
leading to eigenmodes that grow from left to right, as seen in the left panel of Fig. 8(c). In the middle panel of Fig.
8(b), the GBZ lies on the horizontal axis, signifying zero exponential factors, corresponding to extended eigenmodes,
as shown in the middle panel of Fig. 8(c). In the right panel of Fig. 8(b), the GBZ is above the horizontal axis,
indicating negative exponential factors, resulting in eigenmodes that grow from right to left, as depicted in the right

panel of Fig. 8(c).

4.3.8. Bulk-boundary correspondence

In the previous sections, we introduced the methods for calculating the winding number and the frequency
spectrum under OBC, along with the concept of skin modes. In this section, we unify these concepts through
bulk-boundary correspondence.

Bulk-boundary correspondence has two key aspects. The first concerns the relationship between the frequency
spectra under PBC and OBC, which holds for both EMT and COMSOL simulations. In non-Hermitian systems, the
OBC spectrum is always enclosed by the PBC spectrum. As shown in Fig. 8(a), for small transfer functions, the

OBC spectrum remains real and is encircled by the PBC spectrum. As the transfer function magnitude increases,
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the OBC spectrum becomes complex while still remaining enclosed by the PBC spectrum, as seen in Fig. 9(a). For
resonant transfer functions in Fig. 10(a), the PBC spectrum splits into two separate loops, each enclosing the OBC
spectrum. These cases illustrate the fundamental relationship between the PBC and OBC spectra, reinforcing the
principles of bulk-boundary correspondence in non-Hermitian systems.

The second aspect of bulk-boundary correspondence describes the relationship between the sign of the winding
number at a base frequency (the eigenfrequency of an eigenmode under OBC) and the localization direction of skin
modes. If the winding number at a base frequency is negative, the corresponding skin mode localizes at the right
edge, as shown in the left panels of Fig. 8(a,c). If the winding number is zero, the eigenmode remains extended, as
depicted in the middle panels of Fig. 8(a,c). Conversely, if the winding number is positive, the skin mode localizes at
the left edge, as shown in the right panels of Fig. 8(a,c). These relationships hold for different transfer functions, as
further demonstrated in Fig. 9 and Fig. 10. Instead of computing the GBZ, which is complex and computationally
demanding, bulk-boundary correspondence provides a more efficient way to determine the localization of skin modes.
By simply checking the sign of the winding number from the PBC spectrum, the localization behavior of skin modes

can be directly inferred.

5. Application

5.1. Nonreciprocal filtering and amplification

In conventional designs, filters and amplifiers are treated as separate components that cannot be directly inte-
grated. However, as shown in the previous section, our system exhibits direction-dependent gain: waves traveling
from left to right are amplified, while those traveling from right to left are attenuated. This nonreciprocal property,
enabled by Willis media, allows filtering and amplification to be seamlessly integrated into a single metabeam.

Specifically, for constant antisymmetric transfer functions H;(w) = —Ha(w) = 0.3, the dispersion curves in Fig.
11(c—e) show that waves always decay from left to right but are amplified from right to left. As a result, when a
signal enters from the left, the measured output on the right is attenuated, whereas a signal entering from the right
is amplified on the left. By simply switching the input and detection positions, the metabeam can function either
as a filter or an amplifier. The frequency responses for these two cases are compared in Fig. 11(a), clearly showing
that the right output is attenuated for a left-side input, while the left output is amplified for a right-side input.

While conventional frequency-selective filters attenuate signals within a specific passband while leaving out-of-
band signals largely unchanged, many applications require the additional capability to amplify out-of-band signals.
Our Willis metabeam achieves this dual functionality by utilizing antisymmetric local resonant transfer functions (see
Eq. (54)). Specifically, a left-to-right traveling wave is amplified for frequencies below 2 kHz but attenuated above
2 kHz, functioning as a low-stop high-amplifying filter (LSHAF). By reversing the input and output positions, the
system instead operates as a low-amplifying high-stop filter (LAHSF), amplifying low-frequency components while
attenuating higher frequencies. Numerical results for these two modes, shown in Fig. 11(b) and Fig. 11(c), confirm
the expected behaviors of LSHAF and LAHSF. Together, these designs offer a novel approach to frequency-selective

filtering and amplification, surpassing the capabilities of conventional high-pass or bandpass filters.
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Figure 11: Utilizing nonreciprocal wave behavior for filtering and amplification. (a) For constant antisymmetric transfer functions, the
Willis beam amplifies signals propagating from left to right while acting as a filter for signals traveling from right to left. (b) The ratio of
output wo to input w; signal as a function of excitation frequency for (a). (c) For resonant antisymmetric transfer functions, the Willis
beam filters out low-frequency signals (below fy) and amplifies high-frequency signals (above fg) when the signal is input from the left
and output at the right. (d) The ratio of output wg to input w; signal as a function of excitation frequency for (c), with the dashed
gray line indicating the resonant frequency fo = 2kHz. (e) For resonant antisymmetric transfer functions, the Willis beam filters out
high-frequency signals (above fo) and amplifies low-frequency signals (below fp) when the signal is input from the right and output at
the left. (f) The ratio of output wo to input w; signal as a function of excitation frequency for (e), with the dashed gray line marking
the resonant frequency fo = 2kHz.
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Figure 12: Non-Hermitian interface modes. (a) The frequency spectrum of a finite beam with 10 unit cells, where the interface is located
at the 5th and 6th unit cells. The transfer functions for the left five unit cells are H; = —Hgz = —0.3, while for the right five unit cells,
they are Hy = —H> = 0.3. (b) Eigenmodes and their corresponding eigenfrequencies at the starred locations in the frequency spectrum
of (a). (c) Eigenmodes and their eigenfrequencies for interfaces located between the 3rd and 4th unit cells (left panel), between the 5th
and 6th unit cells (middle panel), and between the 7th and 8th unit cells (right panel).
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5.1.1. Non-Hermitian interface modes and its potential application in energy harvest

In energy harvesting, external energy sources are often distributed across a broad area, while the harvester itself
is confined to a single location. Efficiently channeling energy from multiple source points to the harvester presents
a significant challenge. One approach to address this is through skin modes with a real-valued spectrum, where the
real spectrum ensures system stability and prevents unwanted energy feedback from the sensor-actuator circuit into
the beam. These modes naturally concentrate energy along a boundary, regardless of the source location, allowing
the harvester to be placed there for effective energy collection. However, boundary localization inherently limits
the flexibility of harvester placement. To overcome this constraint, we utilize non-Hermitian interface modes with
a real spectrum to enable energy localization at user-defined interfaces. This approach maintains efficient energy
concentration while significantly expanding the possible locations for harvester installation.

In the left and right panels of Fig. 8(c), the localization directions of the two eigenmodes are reversed. By directly
connecting these configurations, each consisting of five unit cells, a beam with ten unit cells is formed, creating an
interface at the center. As a result, the mode shape becomes a localized mode at the interface, as shown in Fig.
12(b). The OBC frequency spectrum remains real and is presented in Fig. 12(a), where all eigenmodes correspond
to interface modes localized at the interface. For instance, three eigenmodes corresponding to the starred points
in Fig. 12(a) are shown in Fig. 12(b), demonstrating that interface modes span a broad frequency range. This
is particularly significant because external energy sources typically operate over a wide range of frequencies. By
adjusting the interface position, energy localization can be achieved at user-defined locations. For example, the
interface mode is localized at the prescribed interface between the 3rd and 4th unit cells in the left panel of Fig.
12(c), between the 5th and 6th unit cells in the middle panel, and between the 7th and 8th unit cells in the right
panel. In conclusion, our design potentially enables efficient energy concentration, allows for a user-defined harvester

position, and supports energy harvesting over a broad frequency range.

6. Conclusion

We developed an EMT for nonlocal non-Hermitian Willis metabeams, incorporating sensor-actuator interactions
to enable active wave control. Using source-driven homogenization, we derived a dynamic effective medium model
that accurately captures high-frequency and short-wavelength wave behavior, overcoming the limitations of classical
homogenization approaches. This framework integrates non-Hermitian physics and Willis couplings, allowing precise
control over wave amplification, attenuation, and nonreciprocal propagation.

Numerical validation through COMSOL simulations confirms the accuracy of our EMT in predicting wave dis-
persion and effective material properties. Additionally, we establish a bulk-boundary correspondence for nonlocal
non-Hermitian Willis media, linking winding numbers to skin modes and extending topological wave mechanics to
elastodynamic systems.

Beyond theoretical advancements, we demonstrate applications in nonreciprocal wave control, interface-localized
energy harvesting, and low-frequency shear wave manipulation. These findings lay the foundation for active meta-
materials with tunable wave properties, opening new possibilities in wave-based computing, vibration control, and

energy harvesting.
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Appendix A. Geometric and material parameters

The geometric parameters of the model in Fig. 2(a) are listed in Table A.1. The background beam is made of
aluminum with a Young’s modulus of 70 GPa, a Poisson ratio of 0.33, and a density of 2700 kg/m?. The piezoelectric
patches are composed of PZT-5H, with material properties available in the COMSOL material library. The capacitor
Cy in Eq. (12) has a value of —0.611 pF.

Table A.1: Geometry parameters of 3D model

Parameter | Value (Unit) | Parameter | Value (Unit)
w 21.9 mm l 20 mm
w1 16.1 mm l1 12 mm
wWa 8 mm lo 4 mm
w3 3.5 mm I3 2.9 mm
hy 2 mm hy 0.5 mm

Appendix B. Green’s function

Appendiz B.1. Displacement response in Timoshenko beam

Eliminating M, F, and 9 in the governing equations Eq. (6), we obtain

84’11) DOPQ 62w J0p0w4
Do—— + Jow? 1 — pow?
"Gt T ( ’ G0J0> O ( Go ™ )w (B.1)
g Jo o Dy 0*f 9p D3s 5 0s )
=—— 1—— — ——=+Dog=—= + Dy=——= + Jow* —
oz + < Gow Gy Oz + 092 + 0 93 +Jow oz
If only shear force is applied as f = §(x), the equations can be reduced as
8411} DoPO 62’11) J0p0w4 Jo DO 825(33)
Do— + Jow? [ 1 — 2 =(1-=w?)é(z)— = B.2
0t 0 ( + G0J0> 022 ( Gy ¥ )w ( Go" ) (@) = G 0a2 (B-2)
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The Fourier transform of this equation is

11— &w?+ 2ok

W) = 5 Tk )+ )

(B.3)

Here a = ik1,b = ko, and k; (pure real) and ko (pure real) satisfy the dispersion relation of Timoshenko beam for a

given angular frequency w

det[¢ (k, w)] = 0. (B.4)

The inverse Fourier transform using MATLAB symbolic calculation is

11— o2 Dog2 11— Zow? — Dop?
w(w’ .17) _ Go Go e~z L = Go Go —b|z| (B5)
2Dy (a® —b?)a 2Dy (a® —=0b2)b
or equivalently,
wlwya) = = criadiuad i NS Sl - iodink el P (B.6)
; 2D0 (k2 + K2)iky 9Dy (k2 + k2)ka '
Smilarily, for delta source ¢ only, the displacement response is
w(w, x) = ;e*ikll‘”‘sgn(x) — ;e*kz"mlsgn(x) (B.7)
’ 2D (k% + k3) 2D (k% + k3) ’
for delta source p only, the displacement response is
R —ikalal k2 kall
z) = ikylz] _ 2| B.8
TR ) M R0 ()
and for delta source s only, the displacement response is
—Dok? + Jow? _, Dok3 + Jow?
w(w, ) = 0N + Jow e~ klelgon (z) 4 222 T Jow ~kalelggn () (B.9)

" 2Do(k + k) 2D (K2 + k3) "

Appendiz B.2. The Green’s function

Because the system preserves the translational symmetry, applying the linear combination of the four type point
load fod(xz — '), god(x — 2'), pod(x — a’), and sgd(x — 2’) at 2’ simultaneously, the displacement response function

responded at x is

’LU(J?I7 l‘) = (poAl + So sgn(a: — x')Ag + foAg + qo sgn(aj — .’L‘/)A4) e_ikl\z—mfl
+ (poAiay + sosgn(z — x')Asas + foAszas + qosgn(z — x') Agay) e kalz—a’| (B.10)

= By (z — /)T Qe 1*=7'| 4 By(x — 2/)T Qpe 2ol

where
Ay Ajay Po
sgn(z — x') A, sign(z — x')Asas S0
As Azas Jo
sgn(z — x')Ay sign(z)Asay qo
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506 Meanwhile, the response functions ¢ (2, z), F(2',z), and M (2/,x) can be assumed as
Y’ 2) = R (e — a/)Ba (e — 2)7 QYo7 4 R (r — o/ Ba(x — o) Qa)e el
F(z',z) = Rh(z — 2")By(z — 2/)TQ(a" e ™17=%'| L R2 (2 — 2/\Ba(z — )T Q(a')e*21>=7'l (B.13)

M(a',2) = R (0 — o')Ba(w — /)7 Qe )e ™1~ 4 B, (2 — 2/ Ba(o — /)T Q(a')e 2

Inserting them into the first three equations of Eq. (6) with the aid of Eq. (B.10), we obtain the following linear

5

©
<Q

s8  equations

) Ri(z —a
—sgn(z — a')iki Ry (z — ') + % =0
1 A
Ry(z —2a') + w = —sgn(z — 2')ik; (B.14)
0
—sgn(x — 2')ik Rk (x — 2') = —pow?
s for R}b (x —2'), Ri(z — 2'), R};(z — 2’), and the linear equations
R2 o
—sgn(z — 2’k RY (x — 2') + %ﬂs) =0
0
RZ !
Ri(ﬂ? _ 33/) + F(x T ) — bgn(ﬂ? _ ml)kg (B15)
Go
—sgn(z — 2 )k R%(x — 2) = — pow?

w for R} (z — '), Ri.(z — 2'), Ry (x — 2'). Solving these equations yields Ry, (z — '), Rp(z — '), Ry (z — '), as well

o1 as be(x — '), R%(z — '), and R3,(z —2').

602 Therefore, the Green’s function in the frequency domain is
G(w,z —2') = Ry(z — 2")By(x — ) Te *12=7'| L Ry(z — 2")By(ax — 2/)T e F2lo='] (B.16)
e03 and
Ry (x) R3(x)
Ri.(x R%(z
Ri(z) = r(@) . Ry(z) = r(@) : (B.17)
1 1
Ry (x) R ()
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And the state vector response u(x) at x, excited by a source vector Q(z') at ', is given by
u(z) = /G(ww —2)Q()dx". (B.18)

Appendix C. Symmetry conditions of Green’s function

As shown in the middle panel of Fig. 2(b), the periodic actuators can be regarded as periodic scatterers, inducing
multiple scattering effects. To account for these effects, we construct the Green’s function of the background beam

and analyze its symmetry. The Green’s function for Eq. (6) satisfies
$1G(x —2') =d(x — 2/)I (C.1)
where the analytical expression of Green’s function is presented in Appendix B. Using the Fourier transform
1 [ (o—a’)
Gii(w, k :—/ Gii(w,x — )™= )d(z —2'), i,7=1,2,3,4. C.2
i(w, k) N A i ) ( ): 0] (C.2)
We find the corresponding Green’s function G(w, k) in the frequency-wavenumber domain satisfies
C(w, k)G(w, k) =1. (C.3)

It is evident that ¢(w, k) satisfies ¢(w, k) = ¢T(w, k), C(w, k) = ¢T(w, —k), and ¢(w, k) = ¢*(—w, —k). Consequently,

the Green’s function G(w, k) also satisfies the Hermitian condition for given w and k
G(w, k) = Gl (w, k), G(w,k)=GT(w,—k), G(w,k)=G*(—w,—k) (C.4)

Using the inverse Fourier transform

1
N V2T

Gij(w,z — 1) /:)C Gij(w,k)eik(zﬂ”')dk, i,7=1,2,3,4, (C.5)
the Green’s function G(w,x — ') satisfies the following symmetry

Gw,z—2)=Gl(w,z—12), Gwz-2)=G (w2 —2z), Gwz—1)=GCG"(-wz —x) (C.6)
Appendix D. Derivation of effective constitutive relations

The ¢ is not a singular matrix in general, so Eq. (22) can be rewritten as
Uext = Ueff + CilQeﬁ"' (Dl)
In addition, through the elimination of the local source vector Qp in Eq. (23) and Eq. (24), we find

fauext = (I - ﬂS) Qeffl~ (D2)
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Subtracting Eq. (D.2) by the product of 3 to Eq. (D.1) gives

B (test + ¢ ' Qesr) = (I— BS) Qesil (D.3)

Reorganizing yields the effective constitutive relations in Eq. (25)
_17-1
Qe = [I—-BS)I—B¢"]  Bues (D.4)

Appendix E. Retrieval of local polarizability tensor

Due to the complexity of the unit cell geometry, accurately relating the local polarizability tensor 3 to the transfer
functions H;(w) and Hs(w) analytically is challenging. In this section, we employ a retrieval method to numerically
extract the local polarizability tensor, as illustrated in Fig. 3(a). The local state vector uy,. is directly obtained from
COMSOL, while the local source vector Q is extracted using the scattering method. For each test, given the known
ujc and Q, we obtain four equations from Eq. (11) with 8 as the unknown. Since the polarizability tensor contains
16 unknowns, four independent scattering tests are conducted to construct a system of 16 equations, enabling the

unique determination of these unknowns.

Appendiz E.1. Numerical extraction of the local source vector

Here, we utilize the extracted displacement field in the frequency domain to inversely determine the local source
vector Q. A unit cell is embedded in the middle of the background beam, with perfect matching layers on both
sides (not shown). A unit transverse force is applied at a specified position in the background beam, as illustrated
in Fig. 3(a). In this section, we use asymmetric constant transfer function with H;(w) = 0.35 and Hy(w) = —0.25.
According to Eq. (B.10), the analytical displacement response function at position x for an excitation applied at the
origin is given by

w(0,z) = By (2)T Qoe 112 4 By(z)T Que*2¥. (E.1)

Meanwhile, the scattered displacement field is extracted from COMSOL. For each test, we perform two simulations:
one with the transfer function set to zero and another with a nonzero transfer function. The scattered displacement
field is then obtained by subtracting the displacement field of the zero-transfer-function case from that of the nonzero-
transfer-function case. For the ith test, we acquire the scattered displacement vector w? = [w'(0,z1), ..., w* (0, zy)]"

at positions x = [z1,22,...,7x]|T. At each position, Eq. (E.1) must be satisfied, leading to

[Bl(UCl)Te_ikl‘xl‘ + Bz($1>T€_k2‘xlq Q' = w'(0, 1)

[Bl(xQ)Te—ikl\mg\ + B2($2)T€_k2‘z2‘:| Qz — wi(O,xg)

[Bl(xN)Te—ikllle + Bz(xN)Te—kzlqu Qz _ wi<0,l‘1\r>.

Here, N is chosen to be greater than 4, and Q' is determined using the least squares method. To achieve the desired

precision, a large integer N (2000 in this study) is selected. By solving the overdetermined system using the least
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Figure E.13: Numerical extraction of the polarizability tensor. (a) Four numerical tests for extracting the polarizability tensor, along with
an additional case for verification. (b) Real part (purple dashed line) and imaginary part (red dashed line) of the scattered displacement
field from COMSOL simulations for the first case in (a), compared with the fitted response of a point source (yellow solid line for the real
part and gray solid line for the imaginary part). (c) Real part (purple dashed line) and imaginary part (red dashed line) of the scattered
displacement field from COMSOL simulations for the verification case in (a), compared with the analytical response of a point source
derived from the four tests in (a) (yellow solid line for the real part and gray solid line for the imaginary part).

squares method, we obtain
Q=9"'w (E.3)
where (-)~! denotes the Moore—Penrose pseudoinverse, and the rectangular matrix G is defined as

By (z1)Te kil 4 By(z) e F2lm]

B (1) e 11wl 4 By ()T e k22!

By (zy) e Mlont 4 By (ay) e Felon]

To assess the accuracy of the inverse extraction, we compare the analytical scattered displacement field, computed
using Eq. (E.1) with the inversely obtained Q°, against the scattered displacement field extracted from the COMSOL
simulation for the first case, as shown in Fig. 3(b). The real and imaginary parts of both results closely match,
except in the region very close to the unit cell, where microstructural effects become significant. This confirms that

the point source assumption is valid for our study and that the inverse extraction method is reliable.
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Appendiz E.2. Numerical extraction of the polarizability tensor

Now we have four local source vectors for four tests. The four local state vectors can be extracted in COMOSL

directly. Therefore, for these four tests, the following condition is satisfied according to Eq. (11)
Q' =puj,., i=1,234, (E.5)
These linear equations can also be expressed as:

Qi = u%oc(l)ﬁl + uiioc(2)162 + ufoc(3)/63 + ufoc(4)ﬁ4a 1= 17 27 3a 4a (EG)

where 3; (j = 1,2,3,4) is the jth column vector of the matrix 3, and uf,.(j) (j = 1,2,3,4) is the jth element of the

vector uf,.. Eq. (E.6) can be reformulated as:

Q' Uloe (DT oo (2)T ujo ()T ujp (4T B
Q| | (D0 e b B i || By | -
Q’ U (DT w0 (2)T uif ()T uip, (41 Bs
Q' Uloe (DT i ()T Ui 3)T ujo (DT | | By

where T is the 4 x 4 identity matrix. We concatenate Q¢ and 3, (i = 1,2,3,4) to form larger vectors and assemble

ul . (i=1,2,3,4) into a matrix

T
Q' (Wioc) B
2 w2\t
Q- Q3 7 uloc _ ( ;00)T ’ B ﬁQ (ES)
Q (uloc) ﬁS
T
Q* (uiloc) By
Then Eq. (E.7) can be expressed as
Q= uloc & I‘Ba (Eg)
where ® is the Kronecker product. Solving for B, we obtain
B = (uloc Y I)_l Q (EIO)

Finally, the local polarizability matrix 3 is obtained by rearranging the elements of the vector B. Since the polar-
izability matrix is generally frequency-dependent, we conduct these four tests at different frequencies and derive the
frequency-dependent polarizability matrix function through curve fitting.

Finally, we verify the local polarizability matrix B through a validation test, as shown in the bottom panel of
Fig. 3(a). In this case, the source position differs from those in the four previous cases. First, the local state
vector is extracted, and then the local source vector is determined by multiplying the local state vector by the local
polarizability matrix. Using Eq. (E.1), the analytical scattered displacement field is then computed for the obtained

local source vector. This analytical result is compared with the scattered displacement field extracted from the

36



667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

COMSOL simulation in Fig. 3(c). The consistency between the two results confirms the validity of the point source

assumption and the reliability of the retrieval method for determining the polarizability matrix.

Appendix F. Interpretation of nonlocal effective parameters

According to our effective medium theory, the effective parameters in Eq. (25) depend on both frequency and
wavenumber. However, for freely propagating waves, frequency and wavenumber are not independent but must satisfy
the dispersion relation given in Eq. (47). This implies that the effective parameters are physically meaningful only
at frequencies and wavenumbers that lie on the dispersion curves corresponding to freely traveling waves. This raises
an apparent paradox: whether the effective parameters remain meaningful for arbitrary frequency and wavenumber,
or whether the assumption of independent frequency and wavenumber in the effective parameters requires further
justification.

To treat frequency and wavenumber as independent variables, we must consider waves under external excitation.

We begin by introducing a traveling wave excitation of the form
Qext (-Tv t) = Qext (w7 k)ei(kx—wt) (Fl)

where Qext(w, k) represents the amplitude, which depends on both frequency and wavenumber. The solution to Eq.
(43) can then be expressed as

Uegr (2, 1) = Ueg (w, k)e? 70 (F.2)

where the amplitude vector satisfies

Uest (W, k) = H(w, k) "' Qoxe (w, k). (F.3)

If the frequency and wavenumber satisfy the dispersion relation, H(w, k) becomes singular, causing the amplitude vec-
tor to diverge, similar to resonance in vibrational systems. To eliminate this singularity, damping can be introduced
into the system, ensuring that the amplitude vector remains finite. Conversely, if the frequency and wavenumber do
not satisfy the dispersion relation, H(w, k) remains nonsingular, and the amplitude vector is naturally finite. In this
case, the amplitude vector depends on H(w, k), which in turn is determined by the effective parameters, allowing
frequency and wavenumber to be treated as independent variables.

Next, we consider a more realistic harmonic excitation of the form

Qext (-73; t) = Qext (OJ, x)eiiwtv (F4)
which can be expanded as
efiwt es} )
ext(2,1) = —— ext (w, k)eFdk. F.5
Qo) = = [ Qualon) (F.5)

For each Fourier component Qext(w, k), the corresponding response is given by ueg(w, k). Using the principle of

superposition, the total response can be written as

e—iwt 0o .
ueﬁ(t,x):m/ H(w, k) Qexe (w, k)e e dk. (F.6)
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This result shows that the state vector response depends on the effective parameters for arbitrary frequency and
wavenumber. Therefore, in the context of excitation problems, frequency and wavenumber can be treated as inde-
pendent variables. Furthermore, this approach offers greater flexibility in modulating the effective parameters, as
both frequency and wavenumber can be controlled. For example, a gradient medium with slowly varying properties
can be designed using the WKB approximation to develop an elastic ray theory, enabling novel wave propagation

phenomena (Wang et al., 2023).
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1. General properties of nonlocal odd Willis metabeam

Previous studies focus on the discussion of properties of local Willis media. But the Willis media from dynamic
homogenization are nonlocal. Here we extend the study to properties of nonlocal odd Willis media. Pernas-Salomén

and Shmuel (2020a) used nonlocal constitutive relations.
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1.1. Broken parity symmetry, correct!

1.1.1. Symmetry analysis of macroscopic media
In classical physics, a parity transformation refers to a spatial inversion that changes the sign of spatial coordinates.

In one dimension, it is equivalent to the reflection or mirror transformation. Mathematically, it is expressed as

where P denotes the parity transformation. In the reciprocal space, it can be expressed as

kL k. (2)

Since Meg(w, k), peft(w, k), Keg(w,k), and 7eg(w, k) are symmetric with respect to = 0, while Feg(w, k),
Jeff(CU,k), FYEH((")?k)v
Keft(w, k), and e (w, k) have even parity, whereas Feg(w, k), Jegr(w, k), Vet (w, k), and geg(w, k) have odd parity.

and @ef (w, k) are antisymmetric with respect to x = 0, it follows that Meg(w, k), pesr(w, k),

This can be expressed as

Meg(w, k) 55 Megr(w, —k), ke (w, k) 2 kegr(w, —k),

Fegr(w,k) 5 —Fet(w, —k),  verr(w, k) = et (w, =k), 5
per (@, k) > (@, —k),  ver(w, k) > vegr(w, —k),

Jer (@, k) 5> —Jegr(w, —K),  per(w,k) 2 —perr(w, ).

We define € = [,p]T, T = [0, v]? and constitutive relation in Eq. (??) as

& =8%. (4)
It can be rewritten as the matrix form
Y(w,—k) =PX(w,k), E(w,—k)=PE(w,k) (5)
where £ is the complex conjugation operator and
1 0 0 O
0 -1 0 O
P = (6)
0 0 1 0
0 0 0 -1

For the system with parity symmetry, the governing equations of a system must remain form-invariant under parity

symmetry. Therefore, we have the following equations after parity transformation

E(w, —k) =8(w, —k)X(w, —k) (7)
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Therefore, we have

8(w, —k) = P8(w, k)P~! (8)

Substituting Eq. (18) into Eq. (20), we have

S11(w, k) —812(w, k)  S13(w, k)  —814(w, k)
—8o1(w, k)  8oa(w, k) —8aoz(w, k) Soy(w,k)
S31(w, k) —8z2(w, k)  83z(w, k) —834(w,k)
—841(w, k) Sao(w,k) —8y3(w, k) Sya(w, k)

If parity symmetry is preserved, 8(w, —k) must be equal to 8(w, k), leading to the result

S11(w, —k) = 811(w, k), Si2(w,—k) = =812(w, k), 813(w, —k) = 813(w, k)  S14(w, —k) = —=814(w, k),
S8o1(w, —k) = =891 (w, k), 8aa(w, —k) = 8aa(w, k), 8az(w,—k) = —8a3(w, k), Sas(w, —k) = 824(w, k),
S31(w, —k) = 831 (w, k), 832(w, —k) = —832(w, k), 8sz3(w,—k) = 833(w, k), Sgza(w,—k) = —834(w, k),
S841(w, —k) = =841 (w, k), 8Suo(w,—k) =8s2(w, k), 8az(w,—k)=—8s3(w, k), Sss(w,—k)=38s(w,k).

(10)

With parity symmetry, the nonlocal Willis couplings (k # 0) can still be nonzero but must satisfy the symmetry
conditions given in Eq. (22). This contrasts with the case of a local Willis metabeam (k = 0), where broken parity is
necessary for the emergence of Willis couplings (Liu et al., 2019). Under long wave condition k¥ — 0, antisymmetric

coefficients must vanish and we obtain

Slg(w) = 813((4]) = 821((.0) = 824(&)) = 831(0.]) = 834(&)) = 842((,(}) = 843(&)) = 0 (11)

For the conventional Willis media, the local Willis couplings (k = 0) vanish when the system preserve the parity
symmetry (Liu et al., 2019; Pernas-Salomén and Shmuel, 2020a,b; Li et al., 2022, 2024; Qu et al., 2022). However,
the local Willis couplings 814(w), Sa3(w), S32(w), and 841 (w) of our metabeam still exist when the system has the
parity symmetry. Additionally, when our metabeam preserves parity symmetry, the off-diagonal local elastic and

density constants are zero, while the diagonal local elastic and density constants remain nonzero.

1.1.2. Symmetry of analysis of microscopic media

Through sensor actuator system, it is possible to break the parity symmetry of the microscopic (local) constitutive
relation. Now we prove the equalities of macroscopic constitutive coefficients can be broken from our microscopic
constitutive relation. For the local constitutive matrix, if the system preserve parity symmetry, the elements in

constitutive matrix must satisfy

Br2(w) = Bi3(w) = P21(w) = Pasa(w) = B1(w) = Baa(w) = Paz(w) = Paz(w) =0 (12)

In homogenization, prove that parity symmetry should be broken for nonzero Willis couplings. As long as these
equalities are broken, the parity symmetry is broken. But the broken of parity symmetry of macroscopic material

constants are dependent on the local material constants.
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1.2. Time-reversal symmetry

1.2.1. Symmetry analysis of macroscopic media
In classical physics, a parity transformation refers to a spatial inversion that changes the sign of spatial coordinates.

In one dimension, it is equivalent to the reflection or mirror transformation. Mathematically, it is expressed as

t Lt (13)
where P denotes the parity transformation. In the reciprocal space, it can be expressed as

W= —w. (14)

Since Meg(w, k), peft(w, k), Keg(w,k), and 7eg(w, k) are symmetric with respect to = 0, while Feg(w, k),
Jeff(CU,k), FYEH((")?k)v
Keft(w, k), and e (w, k) have even parity, whereas Feg(w, k), Jegr(w, k), Yeri(w, k), and geg(w, k) have odd parity.

and @ef (w, k) are antisymmetric with respect to = 0, it follows that Meg(w, k), pesr(w, k),

This can be expressed as

Meg(w, k) 2> Mg (w, —k),  Fomr(w, k) > Keg(w, —k),
Fer(w,k) & Far(w, =k), Yo (w, k) = Yorr(w, k), i~
et (w, k) 5> —pregr(w, —k),  verr(w, k) > —verr(w, =),
Jo(w, k) D> —Jesr(w, —k),  pesr(w, k) 2 —pesr(w, —k)
We define € = [e,p]T, T = [0, v]? and constitutive relation in Eq. (??) as
E=8%. (16)
It can be rewritten as the matrix form
Y(—w, k) = TE(w, k), &E(—w,k)=TE(w,k) (17)
where £ is the complex conjugation operator and
1 0 0 0
0 1 0 0
T = (18)
00 -1 0
00 0 -1

For the system with parity symmetry, the governing equations of a system must remain form-invariant under parity

symmetry. Therefore, we have the following equations after parity transformation

E(—w, k) =8(~w, k)X(—w, k) (19)
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Therefore, we have

Substituting Eq. (18) into Eq. (20), we have

S11(w,
Sa1(w,
—831(w,
—841(w, k

If parity symmetry is preserved, 8(w, —k) must be equal to 8(w, k), leading to the result

S11(W7 —k) = 511((#, k)7 512(% —k) = 812((«0, k)7
8o1(w, —k) =821 (w, k),  Saa(w, —k) = 822(w, k),
, 832(w, —k) = =832

831(w, —k) = =831 (w, k

)
841(w, 7](7) = *841 (w7 k)

parity is necessary for the emergence of Willis couplings (Liu et al.,

antisymmetric coefficients must vanish and we obtain

813(k) = 814(k) = S23(k) = S24(k) = S31(k) = Sz2(k) = Sa1(k) = Sa2(k) =

density constants are zero, while the diagonal local elastic and density constants remain nonzero.

1.8. Broken Energy Conservation and Magjor Symmetry

In the spacetime domain, it is

8(t—t,x—2a') _1
2D

8(t—to—a')==
(t—t'z—a') =3

= T8(w, k)T *

_k) = _813((4)7]?) 814(&}, —k) = _814(W7 k)?
824(&), —k’) = _824(‘*}7 k>7
S34(w, —k) = S34(w, k),

—k) = 844(w, k).

833(&1, _k) = 833(w7 k)a

. Saz(w, —k) = =842 (w, k —k) = 843(w, k),

t—t x—a) DTt —t, 2 —x)

+pT(t' —t, 2’ — )

~— —

t—tho—=x

t—t x—a)+ DTt —t, 2’ — 1)

(
1 |Ct—t,x—x
( t—thoe—a')—

pl(t' —t 2’ — )

(20)

(22)

With parity symmetry, the nonlocal Willis couplings (k # 0) can still be nonzero but must satisfy the symmetry
conditions given in Eq. (22). This contrasts with the case of a local Willis metabeam (k = 0), where broken

2019). Under low frequency condition w — 0,

(23)

For the conventional Willis media, the local Willis couplings (k = 0) vanish when the system preserve the parity
symmetry (Liu et al., 2019; Pernas-Salomén and Shmuel, 2020a,b; Li et al., 2022, 2024; Qu et al., 2022). However,
the local Willis couplings 814(w), Sa3(w), S32(w), and 841 (w) of our metabeam still exist when the system has the

parity symmetry. Additionally, when our metabeam preserves parity symmetry, the off-diagonal local elastic and

(24)
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where

8(t—t,z—2a')= (
(

8t —t o—a")=

Be(t—t',z—a')
pe(t—t,x—2a)
Be(t—t',x — )
po(t - ﬁ/,.’E - :L'/)

For spatially and frequency dispersive media, the generalized force vector (¢, 2) depends nonlocally on the strain

field E(t,

2’) and may involve memory effects due to dispersion.

The instantaneous power density at r is:

The total work over the length L is:

The net work done over a complete cycle T is:

P(t,z) = o”(t, x)% +p7(t,x) avg;, 2).
W(t) = / {UT(t,x)asglzx) + pT(t,x)av(att’x)] dz.
cycle = / W dt / / |: (‘;t’ .73) + pT(t, Ji) avg]; x):l dxdt.

Substitute the constitutive relationship:

Thus:

where

e(t,x) —//t

T(t,2) //

t
Ct—t,x—2a)o{t )dt'dx’ + / /

T, DT (t — ', & — 2)dt' da’ +//

chcle = chcle + W cycle + chcle

Bt —t,x—2")v(t 2

Ydt'dz’.

pl(t—t, x—a)dt'de’.

+ W2

ycle

)
cycle / / / / oC( ;t’ i )O'(t’, x')dt'dx' dxdt
)
cycle / / / / OBt ;]; T )V<t/7 2’ )dt' da’ dadt
ov(t,x)
Cycle / / / / t JI DT( /, T — x')Tdt'dx'dxdt

op(t —t', x—

)

e [ LLL 5

v(t', z')dt' dx’ dzdt

(26)

(28)

(29)

(30)

(31)
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Now we integrate by parts in t, treating € (¢, x)/0t as the derivative term, and we have:

T t
chcle = / / / / UT
0 xJx J—oc0

L

 LLL e
=) LLL

_ _ !
C(ta(tt’ f/) x )a(t’, x')dt' dx' dxdt
Y A r_ r_
GC(ta(tt, j;) ° )cr(t’, )+ ol (t, ) 8C(ta(t,t’i) 2) o (t, x)dt'da’ dzdt
32
6(C(t—t’,x—x’)—CT(L"—t,Z‘/—l‘)) NN, 32
o(t', 2")dt'dx'dxdt
(it —t)
o4 _ r_
2) oC (g i f»tff) x)o-(t’,gs’)dt’dx’dxdt

For a cyclic process, & (t,z) returns to its initial state after one cycle, so the first term on the right-hand side

vanishes. If C°44(t' —¢,2" — x) is not equal to 0, then there is always some cyclic deformation such that W, # 0.
Similarly, if 0°44(#' —t,2’ — 2) is not equal to 0, then there is always some cyclic deformation such that oycle #0.
Now we integrate by parts in ¢, treating 0€5(t, 2) /0t as the derivative term in chcle, and we have:
T
Wo e = [/ / / T, DT (t —t',x — 2" v(t, z)dt' do’ dx
)z 0 (33)

W, + WP

8DT(t—t’ x—a')

L e

v(t, z)dt da’ dedt

cycle cycle
B(t—t,z— 1) oDT(t -tz — ')
T ) T )
- /0 /t/t/_oo o - 1) v(thz')—o (t' ) o — 1) v(t, z)dt'dz' dzdt
r t OBt—t,z—a2)+DT(t—t,z—a (34)
- / /// (B( z-2) ( z =) v(t', x')dt' dx' dxdt
ot —t')
/ / / / e, BN (t —t/,x — 2')E 1 (t, z)dt' da’ dxdt
If B44(#' — t,2’ — ) is not equal to 0, then there is always some cyclic deformation such that W, # 0. Finally,

we find that the odd constitutive matrix induces the nonzero cyclic work and breaks the major symmetry of the

constitutive matrix.

In the reciprocal space, the even and odd constitutive matrices can be obtained from Fourier’s transform and

they are given as

If odd couplings do not exist, the odd constitutive matrix vanishes

C(w

ak):

Bo(w, k)| 1 C(w, k) + CT(~w,—k) B(w,k) — DT (~w,—k)
pe(w,k) | 2 |D(w,k) =BT (—w,~k) p(w, k) + p" (~w, k) 55)
B(w,k)| 1 [Clw,k) ~ CT(~w,~k) B(w.k) + DT (~w, k)]
po(ka)_ 2 _D(wak) +BT(7W’71€) p(wv k) - pT(*waik)
CT(~w,—k), B(w, k) = DT (—w, —k), p(w, k) = p* (—w, —k), (36)



s Using Eq. (?77?), we have
C(w, k) = Cl(w,k), B(w,k) = -D'(w,k), p(w,k)=p(w k), (37)

s which is consistent with the symmetry condition from the microscopic analysis in Eq. (?7?).

s 1.4. Broken Maxwell-Betti reciprocity

90 In the media without frequency dispersion and spatial dispersion, the Maxwell-Betti reciprocity is equivalent to
o1 the zero cyclic work. However, with frequency dispersion and spatial dispersion, the Maxwell-Betti reciprocity is not
o2 equivalent to the zero cyclic work. Here we derive the equivalent condition for Maxwell-Betti reciprocity. And then
o3 introduce how to break Maxwell-Betti reciprocity using our sensor-actuator system.

0 Next, we prove that the asymmetric constitutive relation implies the breakdown of Maxwell-Betti reciprocity.

o In the frequency domain, the governing equations in Eq. (?7) can be rewritten as

0 0 0 -0
0 O 0 1 > C ! wB ! !
—0, o(w, ) N (w,x —a’) —iwB(w,z —2')| |o(w,z—1') i = Q. (38)
0 0. O 0 w(w, x) oo | —wD(w,z —12') —wp(w,z—a)| |w(w,z—21')
0, 1 0 0

o6 The Maxwell-Betti reciprocity theorem states that for a linear elastic system, the work done by one set of forces
o7 acting through the displacements caused by a second set of forces is equal to the work done by the second set of

os forces acting through the displacements caused by the first set. Mathematically:

/ ol (@, 2)Qu (w, 2) dz — / ol (@, 2)Qa(w, ) de, (39)
L L

9 where: Q; and Qo are two different distributions of body forces. u; and uy are the corresponding displacement

w0 fields caused by Q; and Qo, respectively. L is the length of the metabeam. The left hand side is

ul (w,)Q; (w, )
= —0,; (Fa(w, z)wy (w,z)) — O (Ma(w, 2)t1 (w, 2)) + O Fo(w, 2)wy (w, x) + 8, Ma(w, 2) (w, )

+ wo(w, )0, F1 (w, ) + o (w, )0, My (w, ) + Fo(w, 2)1 (w, z) + F1(w, ) (w, x) (40)

S
Clw,r—7' —iwB(w,z — 2’ oi(w, 7’
+/ oa(oe) W) e )/ 2( ,> i ,)
o —iwD(w,z — ') —wip(w,z—2a)| |wi(w,z’)

w01 while

u{(w’I)QQ(wVT)
= =0, (F1(w, x)ws(w, ) — 0 (M (w, 2)e(w, z)) + 0, F1 (w, 2)ws (w, ) + Op M1 (w, x)1hs (w, x)

+ w1 (w, )0, Fa(w, ) + 1 (w, ©)0: Ma(w, ) + Fi(w, 2)ha(w, 2) + Fa(w, 2)1 (w, ) (41)
+ /OO {0’1(6071') Wl((.d,x) .(j(w,x — x’) —iWB(UJ,$ — x/) U'Q(UJ,ZC/) o
— 00 —iwD(w,z — ') —w2p(w, x—1) wo(w, z')
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For the reciprocal media, we have
C(w, k) = CT(w,—k), B(w,k)=D"(w,—k), plw,k)=p"(w,—k). (42)

For nonlocal elasticity, u;(r) at a point r depends not just on u,;(r) at the same point, but also on forces at all
other points r’, via a nonlocal elastic tensor kernel.

This generalization means that stress at r is influenced by strains over the entire body, mediated by the kernel
Cijri(r,r"). 3. Symmetry from Maxwell-Betti Reciprocity

To derive the symmetry condition for Cj;x(r,r’), we use the Maxwell-Betti reciprocity theorem applied to work
contributions:

The Maxwell-Betti reciprocity theorem can be derived from major symmetry and time-reversal symmetry Altman

and Suchy (2011).

1.5. Causality and Kramers—Kronig relations

Here we merely refer to the principle of causality owing to which the induction at the instant I is determined only
by the present field and the field at previous times ¢’ <t
The constitutive relation in reciprocal space depends on both frequency and wavenumber, indicating nonlocality

in both spatial and temporal domains.

S(x,t), if |z| <ct,
8(z,t) = (43)

0, otherwise ,

In the space-time domain, the nonlocal constitutive relations for spatially and temporally homogeneous media can

be written as (Leontovich, 1961; Sun and Puri, 1989; Shokri and Rukhadze, 2019)

t ct’
E(t,z) = /0 dt// da'8(x — o't — t)B(t', 2'), (44)
—ct’

where c¢ represents the maximum group velocity of a Timoshenko beam. The group velocity of a Timoshenko beam
converges to ¢ = 1 as k — oo; therefore, the maximum group velocity can be considered ¢ = 1. The limits of
integration for 7 are restricted to [0, 00), and for £, they range from —c7 to c7, as dictated by the causality condition.
This condition ensures that the response signal at x occurs only after the time required for the signal, excited at

x — &, to travel the distance to x. Considering the plane wave propagation in the media, the above equation can be

written as
E(k,w) =8(k,w)X(k,w) (45)
where
[e'e] ct
S(w, k) = / etdt S(x,t)e™ ™ dz. (46)
0 —ct
and
S(t,x) :/ / S(w, k)e~ Frmiwtdudk. (47)
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Therefore, we have

S(Ld k‘) g 2/ zwtdt/ / / S OJ k‘ 7zwt 1k'z+7.kmd /dk_ dz
—ct
/ / 8 (W, k) dw’dk’/ G )dt/ e(b=K)e g (48)
= 4n? —ct

= 477_[_2/ / S (wlykl) dw/dk//o ﬁ |:ei(w7w'+ckfck')t _ ei(wfw'fcklfck)t} dt

We add a small imaginary part 9, where § > 0, in order for the integration to converge over time:

S(w;k) 4772/ / k

-1 1 R
k’ ( (w—w +c(k— k’)—i—z&) i(w—w +c(k — k)—l—ié))dw dk
—28 (W', k') dw'dK’

47r2/ / (w—

w' 4 (k' — k) +i0) (w — ' + c(k — k') + i)
8 (W', k)

NN

Considering that o(w, k) is analytic
be of the form

/ /
(@ el —F) i) (- +clh—F) ri0) I

in the upper half of the w-plane for a fixed k, the result of the integration should

S(w, k) = 1 /°° S(w’,k—l—(w’—w)/c)dw, (50)

2i (W —w — 1)

Using Plemelj formula, the wavenumber-dependent Kramers-Kronig relations are

1 o I / I _
Re[S(w, k)] = 733/ Ll CICAL AR Cllt)) L)) PR
w —w
(51)
oo / o
Im([8(w, k)] = —lﬂ)/ Re |8 (w 7k/+ (W —w)/e)] dw’
w —w
If signal propagating velocity ¢ — oo, the Kramers-Kronig relations are reduced into
oo !/
Re[8(w, k)] = 1?/ 7111153 (_“wk)]d '
(52)
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