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Abstract

Low-frequency Rayleigh waves from earthquakes, traffic, or heavy machinery pose significant
risks to engineering structures, and how to mitigate subwavelength Rayleigh waves is a major
challenge in the field. While attaching non-dissipative local resonators to the surface is a
potential solution, its effectiveness is typically confined to narrow frequency ranges. This
study proposes an elastic dissipative metasurface (EDM) for broadband mitigation and
absorption, along with an energy analysis based on Poynting’s theorem to quantify the wave
scattering generated by EDMs. To realize broadband Rayleigh wave mitigation, we propose
multi-resonant EDMs, where local resonators produce bandgaps at different frequencies,
and damping bridges these gaps into a continuous broad bandgap. The working mechanism
of the EMD to suppress broadband Rayleigh waves is revealed in a dissipative mass-in-
mass lattice system through both negative effective mass density and effective metadamping
coefficient. Furthermore, we design a graded EDM with slow modulation properties that
eliminate scattered waves, achieving zero reflection, perfect rainbow absorption, and effective
modulation of Rayleigh waves by leveraging the adiabatic theorem. The study can open
new opportunities in the development of a new functional metasurface as an efficient wave
mitigation material to suppress earthquake waves.

Keywords: Vibration mitigation, dissipative metasurfaces, Rayleigh wave mitigation,

energy absorption, Elastie-dissipative-metasurfaces local resonators, perfect rainbow
absorption miere-resonators-desich

1. Introduction

Mechanical metamaterials are engineered structural materials with mechanical properties
rarely observed in natural materials. A hallmark of these materials is local resonance,
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characterized by subwavelength locally resonant inclusions or resonators [1, 2, 3, 4, 5, 6].
Typically, the degrees of freedom of these local resonators can be eliminated, allowing the
background media to be modeled as an effective continuum with frequency-dependent mass
densities and elastic moduli [7, 8, 9]. These effective properties can even be negative, leading
to unconventional phenomena such as negative refraction [10, 11, 12], wave cloaking [13, 14,
15], and superlensing [16, 17]. The negative properties also create subwavelength bandgaps,
providing a promising solution for low-frequency vibration and noise isolation, a challenge
for traditional methods [18, 19, 20, 21].

The development of metamaterials has opened new possibilities for surface wave en-
gineering, enabling control over Rayleigh waves generated by sources such as earthquakes,
traffic, or heavy machinery. Traditionally, Rayleigh waves are mitigated using open and filled
trenches [22, 23, 24, 25|, wave barriers [26, 27, 28, 29, 30], piles [31, 32, 33, 34], and dampers
(35, 36]. However, these conventional solutions are often bulky and ineffective for isolating
low-frequency waves below 20 Hz. By installing resonators on the surface of a semi-infinite
medium, it is possible to reduce Rayleigh wave transmission by creating a bandgap in the
low-frequency range [37, 38, 39]. This approach has gained attention in various scenarios,
including saturated soil substrates [40, 41|, stratified substrates [42, 43], buried resonators
[44, 45, 46], double resonators [47, 48], and nonlinear resonators [48, 49, 50, 51|. However,
local resonance generates significant bulk waves and reflected Rayleigh waves, presenting
unforeseen challenges. The impact of local resonance on Rayleigh wave scattering, as well
as strategies to eliminate these unintended waves, remains unclear. Moreover, the devel-
opment of an effective theory for multiple local resonances has not been reported, nor has
the influence of negative effective mass function on surface wave decaying been thoroughly
explored.

In addition to local resonances, damping significantly influences wave attenuation in ma-
terials, as it is still a challenge to study the reflection, dissipation and absorption of wave
energy during the propagation of different types of waves dissipates—wave—energy—during
propagation[52, 53, 54]. Local resonators with a small damping effect can reduce the ampli-
tude of local resonance, decreasing reflection and enhancing wave transmission, while those
with a large one can dissipate the wave energy, reducing transmission [48, 55, 56]. When
Rayleigh waves pass through the semi-infinite medium with damped resonators, damping
has a complex effect on wave scattering due to the existence of multiple wave types. This
paper investigates the impact of damping in resonators on wave conversion and presents an
energy analysis framework to reveal energy transformation patterns influenced by damp-
ing. Furthermore, multiple resonators can generate multiple subwavelength bandgaps [55],
and significant damping can broaden the Rayleigh wave attenuation frequency range near
these bandgaps [56]. The combination of multiple resonances and damping enables broad-
frequency wave attenuation, a technique previously demonstrated for longitudinal waves
[56, 57]. Here, we extend this approach to the Rayleigh wave system, achieving broad fre-
quency attenuation with multiple damped resonators. Additionally, we introduce an effective
metadamping coefficient to characterize the decay behavior using effective theory.

Uniform arrays of damped local resonators on the half space are unable to fully eliminate
reflected surface and bulk waves. To address the issue, a spatially slow-varying structure
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is adopted. The field of space-varying or time-varying systems is emerging in science and
engineering [58, 59, 60]. Novel phenomena in Rayleigh wave behavior have been observed us-
ing various spring-mass resonators and continuous resonant inclusions on substrate surfaces.
For instance, non-reciprocal Rayleigh wave propagation has been achieved with space-time
modulated springs, and the conversion of surface waves to shear waves and temporal rainbow
trapping has been realized with time-varying springs [61, 62]. Additionally, topological edge
modes and topological pumping of surface waves have been accomplished using space-varying
springs [63, 64, 65, 66, 67, 68], and rainbow trapping for surface waves has been achieved
using spatially varying resonators [69, 70, 71, 72]. In this study, we extend this concept
to perfect rainbow absorption by employing spatially slow-varying damped resonators and
further develop a rigorous theoretical framework for designing such resonators based on the
adiabatic theorem [66]. Traditional unit cell analysis based on Bloch’s theorem is commonly
used to predict wave behavior in periodic systems. However, this approach is inadequate for
space-varying systems [66, 73, 74]. Under adiabatic conditions, we leverage the adiabatic
theorem and develop a local unit cell analysis method to predict wave behaviors in finite
space-varying structures in both frequency and time domains.

In-this-paper—wefocus-onmitigating thedmpaets This paper aims to mitigate the effects
of low-frequency Rayleigh waves and scattered waves using elastic dissipative metasurfaces
(EDMSs) within a broadband frequency range. In Section 2, a semi-infinite elastic substrate
with multiple attached resonators is simplified to a substrate with a single effective damped
resonator using the effective theory. Subsequently, we develop a framework for calculat-
ing the dispersion relations of Rayleigh waves in this substrate incorporating the effective
damped resonator. In Section 3, the results of the mitigation effect of EDMs with single
resonance on Rayleigh waves are presented, exploring the impact of damping on complex
bandgap structures, mode shapes, transmission spectra, conversion patterns, and wave field.
Meanwhile, an energy analysis framework is established based on Poynting’s theorem to
quantify wave scattering from EDMs. In Section 4, we extend the analysis to EDMs fea-
turing multiple resonators, achieving broad frequency range wave attenuation. Here, the
effective mass and metadamping coefficients derived from the effective theory are used to
efficiently characterize the decay behavior of Rayleigh waves, while the micro-resonators de-
sign is determined through inverse design. In Section 5, Rayleigh wave behaviors in spatially
slow-varying EDMs are investigated to achieve the perfect rainbow absorption of all scat-
tered waves. Additionally, a local unit cell analysis method based on the adiabatic theorem
is developed to predict wave behavior in these structures. The paper concludes with final
remarks and a summary of our findings in Section 6.

2. Models and Methods

To mitigate the propagation of Rayleigh waves on the ground, we employ novel EDMs
composed of dissipative local resonators arranged on the soil surface, as illustrated in Fig.
1(a). The energy of the incident Rayleigh waves is distributed among four destinations: the
energy of reflected Rayleigh waves, the energy of transmitted Rayleigh waves, the energy
of bulk waves, and the energy absorbed by the EDMs. The objective of this study is to
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Figure 1: Schematic illustration of the EDMs for Rayleigh wave scattering mitigation. (a) Model depicting
the four types of scattered energy from a 20-unit cell EDM, with the thickness of the PML being five times
the wavelength, Ag. (b) Unit cells of the EDM with physical resonators (left panel) and ideal resonators
(right panel). (¢) The geometry of physical resonators in the EDM. (d) The schematic diagram of ideal
resonators. (e) The schematic diagram of the effective resonator model.

design EDMs that mitigate the influence of all scattered waves on infrastructures both on
and below the surface, as depicted in Fig. 1(a).

2.1. Theory of Rayleigh waves in elastic dissipative metasurface

A schematic diagram illustrating the use of EDMs for mitigating scattered waves is
shown in Fig. 1(a) and the unit cells of EDMs on the substrate are shown in Fig. 1(b). The
elastic half-space has the following parameters: Young’s modulus £ = 4.60 x 107 Pa, the
Poisson’s ratio p = 0.25, and the mass density p = 1800 kg/ms. The width and height of
the rectangular substrate are W = 100a and H = 20a, respectively, where a = 2.00 m is the
lattice constant representing the periodic spacing between adjacent resonators. Perfectly
matched layers (PMLs) are applied to the bottom and side boundaries. An EDM consisting
of 20 units is attached to the surface of the substrate, with distances D; and Dy between
the boundaries and the EDM both set to 40a. The physical model of the local resonators,
made of common engineering materials such as concrete (Mat,), steel (Mats), lead (Mats),
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and rubber (Mat,, Mat,, and Matg), is depicted in Fig. 1(c). The material parameters for
the model in Fig. 1(c) are specified as listed in Table 1.

Due to the substantially lower elastic constants of the connecting layers (springs) relative
to the rigid bodies (masses), the physical system can be effectively approximated as an
ideal hierarchical mass-spring-damper model, as depicted in Fig. 1(d). The governing
equations for the three masses attached to the surface, expressed in the frequency domain,
are formulated as follows:

miw?uy (z) = K [uy(z) — w(z,0)] + Ky (ug(z) — uz(x)), (1la)
Mow?us () = Ko [ug(w) — ui(z)] + K [ug(x) — us(z)], (1b)
maw?us(x) = K [us(x) — us(x)], (1c)

where u;(z), us(x) and uz(x) are the displacements of masses at position x, mq, ms and mg
are the masses of the resonators. The displacement of the substrate in the z-direction at
position  when z = 0 is represented as w(z,0). The complex spring constants are defined as
K; = k;j(141n;), j = 1,2,3, where ki, ks and k3 are springs stiffnesses, and 7y, 7, and 73 are
the corresponding loss factors. The loss factor typically depends on the frequency and can
be equivalently transformed into Rayleigh or viscous damping [75]. However, for simplicity,
it is assumed to be a frequency-independent constant within the operating frequency range
of 0 Hz to 26 Hz. This assumption is supported by experimental results for rubber [76],
where the loss factor varies between 0 and 1.2.

The hierarchical mass-spring-damper model shown in Fig. 1(d) can be simplified to an
effective mass-spring-damper model using effective theory, as illustrated in Fig. 1(e). The
governing equation for the effective mass in Fig. 1(e) can be expressed as

Megw?uy (1) = icegwuy (v) + K [ug(x) — w(z,0)], (2)

where meg is the effective mass and c.g is the effective viscous coefficient, both of which are
real numbers. To determine the effective mass and viscous coefficient, the variable vector
X = [w(x,0),u; (), us(x), uz(z)]* is decomposed into two subspaces: X = [X;, X,]T, where

X; = [w(x,0),u;(z)]" corresponds to the subspace of interest, and Xy = [ug(x), uz(x)]”
comprises the variables to be eliminated. Using this separation, Eq. (1) can be reformulated
as a set of matrix equations:
Hll H12 Xl _ 0 (3)
Hy; Hao| [ X 0]"
where
Hy, = [_Kl —miw? + Ky + KQ} , Hpp= [—K2 0} )
H _ 0 _K2 H o _m2w2 + KQ + Kg —K3 (4)
2 0 0 ’ 22 —Kg —m3w2 + K3 '
Solving the second equation in Eq. (3), we obtain:
X, = Hy, Hy X . (5)
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Table 1: Material parameters of the local resonators [56]

Material number Mat, Mat, Mats Mat, Mats Matg
Material Concrete Rubberl Steel Rubber2 Lead Rubber3
Lamé constants, )\, (Pa) | 8.33 x 10° | 2.00 x 10° | 1.00 x 10 | 2.00 x 107 | 2.96 x 10° | 4.00 x 10°
Lamé constants, p, (Pa) | 1.25 x 10" | 1.00 x 10° | 8.20 x 10" | 1.00 x 10° | 5.60 x 10% | 2.00 x 10°
Density, ps (kg/m?) 2.80 x 10 | 1.30 x 10® | 7.89 x 10 | 1.00 x 10® | 1.13 x 10* | 1.00 x 103

Substituting this expression into the first equation of Eq. (3) results in:

HsX, =0, (6)
where Heg = Hyy — Hj3Hy Hy, is a 1 by 2 row vector, with its first element H. L equal to
— K. Consequently, Eq. (6) can be rewritten as

Ky fur(2) — w(w,0)] + (Hi — K1) wi(x) =0, (7)
where HZ; is the second element of Heg. Since Eq. (7) is equivalent to Eq. (2), the effective
mass meg and the effective viscous coefficient cor in Eq. (2) can be determined by comparing
the coefficients of Eq. (2) and Eq. (7):

Re(H2, — K)

Meff = — w2 ) (8&)

Im(HZ — K1)
Coff = ———— .
w

(8b)

Here, Re and Im represent the real and imaginary parts of a complex number, respec-
tively. This concludes the construction of the effective mass-spring-damper model derived
from the hierarchical mass-spring-damper system. Explicit expressions for calculating the
effective parameters in Eq. (8) are provided based on the material parameters defined in
Eq. (1). Although the derivation focuses on a hierarchical mass-spring-damper model with
three resonators, the theoretical framework can be generalized to hierarchical systems with
an arbitrary number of resonators.

On the surface of the substrate, the resonators apply point loads. Under the long-
wavelength approximation, these point loads can be treated as uniformly distributed loads.
As a result, the boundary conditions for normal stress o.. and shear stress o, at the surface
z = 0, where the resonators are attached, can be expressed as

0..(x,0) = % [uy (x) — w(zx,0)], (9a)
0z.(2,0) = 0. (9b)

For the traveling wave, the wave solution of Rayleigh waves and resonators are expressed
as [61, 77] .
Uy ([E) _ Ulez(kx—wt),

6

(10a)
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w(z,z) = k (—qAe ™ 4+ iBe ™) eilka—wt), (10Db)
0..(2,2) = pk® [2 (rAe ™ — isBe "] eilka—wt), (10c)
Opa(,2) = —pk® [2igAe 9 + rBe %] eilka—wt), (10d)

where Uy, A, B are constants to be determined, w is the angular frequency, k is the wavenum-
ber, and the following relations hold:

2 2 2

c c c
q2_1+<—) :O, 52_1—|—(—) :O, ’["—2—|-—2:O’ (11)

Cr, Ccr cr
where the wave speed ¢ = w/k, the longitudinal wave speed is ¢, = )‘ipz’i, and the shear
wave speed is ¢y = %. Here, A and p are Lamé constants, and p is the density of the

substrate. It is worth noting that the decay factors ¢ and s must satisfy the following
inequalities:
Re(kq) >0 and Re(ks) > 0. (12)

to ensure that the surface wave decays in the depth direction.
Substituting Eq. (10) and Eq. (11) into Eq. (9) yields the following system of linear
homogeneous equations:

21q r 0 A 0
plrk? + Kikq —2ipsLk?® —iKk K, B |l=|0]|. (13)
Klk‘q —iKlk —meffOJQ + iCeﬂw + Kl U1 0

Eq. (13) can be compactly expressed in matrix form as H(w,r,¢q,s,k)U = 0. The
dispersion relation k(w) is determined by vanishing the determinant of the coefficient matrix:

det(H) = 0. (14)

To derive the dispersion relation, the angular frequency w is specified in advance, while
other variables remain unknown. In a non-dissipative system, where all variables and poly-
nomial equations are real, the system can be solved easily by eliminating variables. In this
case, the wavenumber k is real, corresponding to propagating Rayleigh waves. Neverthe-
less, in our dissipative system composed of masses and damped springs, all variables and
polynomial equations are complex, complicating the process of solving these equations.

To address the complexity of solving Egs. (11) and (14), a resultant-based elimina-
tion theory from computational algebraic geometry is introduced to ensure precise and ef-
ficient solutions [78]. The left-hand sides of Egs. (14) and (11) are defined as polynomials
p1(r,q, 8, k), pa(q, k), p3(s, k), and py(r, k), respectively. For a given w, the resultant of p;
and py with respect to ¢ eliminates the variable ¢, yielding a new polynomial:

p5(7",5,l€) = Res(p17pQJQ)7 (15)
7
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where Res is the resultant function, as defined in Appendix A. Similarly, taking the resultant
of p5 and p3 with respect to s eliminates the variable s and gives a new polynomial:

pe(r, k) = Res(ps, ps, s). (16)

Finally, taking the resultant of pg and p, with respect to r eliminates variable r and gives
a new polynomial:

p7(k) = Res(pg, pa,7)- (17)

The polynomial p7(k) is related solely to the wavenumber, enabling its roots to be deter-
mined accurately using the “roots” function in MATLAB. To ensure physically meaningful
results, redundant roots are discarded based on the inequalities in Eq. (12). For each valid
root k, the corresponding ¢ and s are determined using the resultant method similarly.
Roots are retained only if the real parts of both ¢ and s are positive; otherwise, they are
discarded. By sweeping the frequency within a specified range and calculating the root k
using the resultant method, the dispersion curves can be obtained completely and precisely.

2.2. Finite element method analysis

All simulations are performed by using the finite element method (FEM) in COMSOL
Multiphysics. For the calculation of k-w dispersion curves of the continuous model shown
in the left panel of Fig. 1(b), we use the partial differential equations (PDEs) of elasticity
based on Bloch’s theorem to capture the real and imaginary components of the wavenum-
ber. These PDEs are solved using the “Coefficient Form PDE Interfaces.” Specifically, Bloch
periodic boundary conditions are applied to the left and right boundaries of the unit cell
to ensure infinite periodicity, and an eigenfrequency analysis is conducted to extract the
complex wavenumbers for a given angular frequency w. The real part of the wavenumber
represents the propagating wave’s spatial oscillation, while the imaginary part corresponds
to the attenuation along the propagation direction. This approach enables accurate char-
acterization of both propagating and evanescent wave modes in the metasurface. For the
calculation of k-w dlsperswn curves of the dlscrete unit Cell shown in the right panel of Fig.
1(b), % : ibe we utilized both
the ”Global ODEs and DAEs Intelface in COMSOL and the effective mass-spring-damper
system described in Eq. (2) for rapid bandgap predictions. For analyzing Rayleigh wave
scattering depicted in Fig. 1(a), “Structural Mechanics Module” and “Global ODEs and
DAEs Interface” in the frequency domain are used. The FEM simulations in these cases
account for the coupling between the substrate and the resonators to evaluate the wave
propagation and attenuation characteristics.

For a given frequency (swept from 0 Hz to 26 Hz), the displacement distribution at the
left boundary of PML is prescribed as

u = re M 4 2s5qe ", (18a)
w = iq (re " — 2e77) | (18b)

in the frequency domain to selectively excite a Rayleigh wave without generating any bulk
waves, as shown in Fig. 1(a). Here, ¢, s, and k are determined by solving Eq. (14) and

8
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Eq. (11) for the given frequency in the absence of attached resonators. The complex form
of w(z) captures the amplitude and phase of Rayleigh waves. The exponential decay terms
e %% and e %% ensure surface energy confinement, waves, distinguishing them from the
deep propagation behavior of bulk waves. This complex representation ensures that pure
Rayleigh waves are excited while effectively avoiding interference from bulk waves.

To analyze the transmitted Rayleigh wave, the frequency response function (FRF) is

defined as 50 ]
w

FRF = —1lo / —da;) , 19

SO glO ( S ’w0| ( )

where Sy is the length of the surface receiver in Fig. 1(a), w (wyp) is the displacement
component along the z-direction calculated from the model with (without) the EDM.

3. Mitigation of Rayleigh wave scatterings by EDMs with single local resonance

In this section, we start with the simplest model, employing an EDM with single local
resonators to attenuate transmitted Rayleigh waves. The resonators have a stiffness of
ky =1.9x107 N/m and a mass of m; = 2000 kg. We use both dispersion relations and FRF
to characterize wave transmission. Additionally, an energy analysis provides deeper insights
into the complex interactions between Rayleigh waves and the EDM. In this analysis, we
decompose the bulk waves into P and SV waves and examine wave mode conversion in the
bulk using a 2D Fourier transform (FT). The damping effect on Rayleigh wave scattering is
considered throughout this section.

3.1. Dispersion analysis and transmitted Rayleigh waves mitigation

First, we calculate the dispersion curves presented in the left panels of Figs. 2(a-d).
The dispersion curves of the Rayleigh wave, obtained from finite element method (FEM)
analysis (purple) and analytical approach from Eq. (14) (orange), are in excellent agreement,
confirming the accuracy of the analytical model. In this case, we have ky = k3 = mqy = mg =
1o = n3 = 0 and define 7, as 7.

In the absence of damping (n = 0), the dispersion bands of Rayleigh waves are all real,
and a bandgap emerges due to the local resonance. The mode shapes of the highlighted
modes A, B, and C are shown in Fig. 2(e), which demonstrate an exponentially decaying field
intensity in the depth direction. When damping is presented (1 # 0), the imaginary parts
of dispersion curves are non-zero, while the real parts of dispersion curves bend for small
damping or connect to higher frequency bands for larger ones. The imaginary dispersion
indicates a decaying Rayleigh wave, where the decay factor is proportional to the imaginary
wavenumber. It is noteworthy that even though the Rayleigh band warps into the sound
cone, it still belongs to a Rayleigh wave mode rather than a bulk mode, as illustrated in
Fig. 2(e) mode D. The mode shapes at point D exhibit characteristic vertical and horizontal
displacement components of Rayleigh waves, which are distinct from bulk wave modes that
lack such coupled surface behavior. Moreover, the energy associated with these modes
remains predominantly confined to the surface, further supporting their classification as
Rayleigh wave modes. The warping into the sound cone is primarily caused by the coupling

9
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Figure 2: Complex dispersion curve diagrams, transmission FRF, and mode. (a)-(d) Dispersion diagrams
and FRF for the loss factor n = 0,0.3,0.6, and 0.9, respectively. In the left panels of (a)-(d), the gray curves
correspond to bulk waves from FEM unit cell analysis, whereas the purple (FEM analysis) and orange curves
(analytical solution (AS) described in Section 2) represent the complex dispersion curves of Rayleigh waves.
In the right panels of (a)-(d), the light blue region represents the stopband with < —10 dB transmission.
(e) Corresponding mode shapes of the four eigenmodes A, B, C, and D highlighted in panels (a) and (b).

between the Rayleigh wave and the dissipative effects introduced by the metasurface. This
interaction modifies the dispersion curve without altering the fundamental nature of the
mode, highlighting the unique dynamics of the metasurface system.

To fully capture the transmission property of the EDM, we show the FRF results in the
right panels of Figs. 2(a-d). Here, we define the effective stopband as the light blue region
where the FRF is less than —10 dB. The effect of damping on the stopband range and the
minimum FRF is shown in Fig. 3. We can observe that a higher loss factor simultaneously
enhances the bandwidth of the stopband and decreases the minimum transmission, leading
to significantly suppressed transmission.

3.2. Energy analysis of Rayleigh wave scatterings by EDMs

The energy of the incident Rayleigh wave is transformed into four distinct parts by
EDMs. To quantitatively characterize the energy transformation, we employ an energy
analysis method based on the concept of frequency-dependent elastic energy flux I, or elastic
Poynting’s vector, defined as [78, 79]

I= —%Re(a* V), (20)

where o is the stress tensor, (-)* is the complex conjugate operator, v is the velocity vector.
The energy of reflected Rayleigh wave FE,, transmitted Rayleigh wave Fj;, scattered bulk

10
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Figure 3: The bandwidth at -10 dB (purple region) and minimum FRF (orange dashed line) in the function
of loss factor 7. The data are obtained from the right panels of Figs. 2(a-d).

wave Fj, and dissipation from resonators E; are defined as the following:

E.=F; +/ I nds, (21a)
S1

E, = / I-ndS, (21b)

Sa
Eb = / I- IldS, (21(3)

S3

1 .
E = 5/ Re(o™ : iwe)dS, (21d)
Sy

where n is the unit vector pointing in the direction of the outward normal, € is the strain
tensor, and the energy of incident Rayleigh wave is E; = | | s, Li-ndS|. Here, I; is the energy
flux of the incident Rayleigh wave which can be calculated from the homogeneous elastic
medium in the absence of EDMs. The integral |, g, I'mn dS represents the total energy flux (
incident and reflected waves) on S;. This equation is derived from the conservation principle,
ensuring that all energy entering or leaving the boundary S; is accounted for. Additionally,
the definition of surfaces Sy, Ss, S3, and Sy can be found in the inset of Fig. 4(a).
According to Poynting’s theorem, the energy of an incident Rayleigh wave Fj; is equal to
the summation of the energy of the transmitted Rayleigh wave E}, reflected Rayleigh wave
E,., scattered bulk wave Ej, and absorption by resonators E;. This can be expressed as:

E,=E.+E,+ E,+ E|. (22)
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In Fig. 4, we illustrate how each energy component is influenced by the loss factor and the
frequency near the stopband (6 Hz to 25 Hz). Incident energy is normalized for convenience.
At frequencies below 8 Hz, Rayleigh waves exhibit a long penetration depth, leading to
minimal energy confinement at the surface and limited interaction with the resonators.
Consequently, the majority of energy (85%) is transmitted, while the remaining energy
(15%) is scattered into bulk waves at the left interface of the EDM. These energy ratios
are largely independent of the loss factor, as demonstrated in Fig. 4(b). As the frequency
reaches 8 Hz, the penetration depth of Rayleigh waves decreases, increasing interaction with
the resonators. The incident wave energy begins to dissipate through the resonators. As
the frequency approaches the resonant frequency (13.5 Hz), the coupling between Rayleigh
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Figure 5: The wave scattering field of an incident Rayleigh wave at frequencies 12 Hz, 18 Hz, and 20 Hz,
and loss factors (a) n = 0.0, (b) n = 0.6, and (c) n = 1.2.

waves and local resonance becomes more pronounced, and energy flows in all four directions,
as shown in Figs. 4(c-d). At 12 Hz, the energy of the Rayleigh wave dissipates significantly
as 1) increases, as shown in the left panels in Fig. 5. It is noteworthy that the decay factor
of the Rayleigh wave does not vary monotonically with the loss factor, as demonstrated in
Fig. 2. As a result, we can observe a decrease in transmitted wave energy followed by an
increase in Fig. 4(d).

For EDM operating within the bandgap (13.5 to 19 Hz) with n = 0, the energy of
the reflected wave and bulk waves dominates, with minimal transmitted wave energy, as
the Rayleigh wave cannot propagate within the bandgap, as shown in Figs. 4(e-f). As n
increases, the loss factor reduces resonance and introduces the horizontally decaying Rayleigh
waves, causing an increase in dissipated energy while other energies decrease, as observed
in the middle panels of Figs. 5(a-c). When the frequency exceeds the upper bound of the
bandgap, the impact of local resonance diminishes, leading to a decrease in bulk wave energy
and an increase in transmitted wave energy. In this region, the loss factor further diminishes
bulk waves and Rayleigh wave energies in the EDM, resulting in decreased energies of both
bulk waves and transmitted waves as 7 increases, as depicted in the right panels of Figs.
5(a~c). Figure 4 illustrates that without damping, local resonance significantly reduces
transmitted wave energy but introduces other scattered waves in the bandgap region (13.5
to 19 Hz). The damping in the local resonators greatly reduces these scattered waves near
the bandgap region (12 to 19 Hz). If the damping is substantial, the transmitted wave can
also be eliminated above the bandgap, though bulk waves cannot be entirely mitigated.

We can conclude that EDM with single local resonances effectively attenuates Rayleigh
waves with the correct combination of frequency, loss factor, and energy distribution. While
the effect is weak at extremely low frequencies, a slight increase in the loss factor at mid-
frequencies significantly enhances energy dissipation through resonator absorption. At high
frequencies, the effect stabilizes, but excessive damping can reduce energy conversion effi-
ciency. The EDM effectively converts Rayleigh wave energy into other forms, primarily via
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Figure 6: Angle analysis of transferred P and SV waves. (a) The 2D FT of the divergence of the displacement
field (P wave) at a frequency of 12 Hz and a loss factor of 0.3. (b) The polar diagram of the transferred P
wave with a loss factor of 0 across different frequencies. (c) The polar diagram of the transferred P wave at
12 Hz for varying loss factors. (d) The 2D FT of the curl of the displacement field (SV wave) at a frequency
of 12 Hz and a loss factor of 0.3. (e) The polar diagram of the transferred SV wave with a loss factor of
0 across different frequencies. (f) The polar diagram of the transferred SV wave at 12 Hz for varying loss
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bulk wave conversion and resonator absorption. This conversion mechanism is influenced by
both the frequency of the incident waves and the damping properties of the EDM.

3.3. Bulk waves decomposition

In the current system, bulk waves consist of both P and SV waves. We decompose bulk
waves into P and SV waves and discuss each of their propagation. P and SV waves are
separated by taking the divergence and curl of the displacement field, respectively. The
primary propagation direction is determined by performing a 2D FT on the divergence and
curl, as illustrated in Figs. 6(a,d) for a frequency of 12 Hz and n = 0.3. By integrating the
amplitude in the 2D reciprocal space along the radial direction, we obtain polar diagrams
for different frequencies and loss factors, depicted in Figs. 6(b,c,e,f). In these figures, the
magnitude of P waves is significantly smaller than that of SV waves, indicating that SV
waves dominate the bulk waves scattered by the EDM (Figs. 6(a,d)). In Figs. 6(b-c) and
6(e-f), P waves are primarily propagating along z direction, while SV waves have a larger
component in x direction. The magnitude of P and SV waves decreases with increasing
damping near the resonance frequency, indicating that damping effectively reduces these
waves. These analyses reveal that Rayleigh-to-bulk wave conversion primarily results in 2-
propagating P waves and predominantly x-propagating SV waves. The result can be helpful
in determining underground wave types, providing insights into the design of underground
devices. Furthermore, the loss factor significantly reduces bulk waves near the resonance
frequency, underscoring its importance in wave mitigation strategies.
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Figure 7: Stiffness of EDMs with three resonators (k1, k2, and k3) under numerical tests and the optimal
design corresponding to the actual structural geometry: (a) the intermediate resonator radius Rs, (b) the
outermost resonator radius Ry, and (c) the element side length H.

4. Rayleigh wave mitigation by multi-resonant EDMs

4.1. Resonators design and dispersion analysis

As previously discussed, EDMs are highly effective in attenuating transmitted Rayleigh
waves near their resonance frequencies. When equipped with multiple resonators, EDMs
can mitigate Rayleigh waves near these specific resonance frequencies but cannot effectively
block the Rayleigh waves far from these frequencies. However, damping can broaden the
resonance peaks, resulting in broadband attenuation of transmitted Rayleigh waves. In this
section, we examine EDMs with three dissipative resonators. The mass-spring parameters
listed in Table 2 and the geometric parameters of the physical model shown in Fig. 1(c)
listed in Table 3 are determined inversely by numerical tests in Fig. 7.

The mass mgz and its density are known, allowing the radius R, to be determined from
its volume. Subsequently, for a given R3, a displacement is applied to the mass mg while
the mass moy remains fixed, and the resulting reaction force is extracted in COMSOL. The
stiffness k5 is then calculated as the ratio of the reaction force to the prescribed displacement.
By varying the radius R3, the relationship between k3 and Rj is established and plotted in
Fig. 7(a). For a specific k3, the corresponding geometric parameter Rs is determined using
a graphical method. Next, R, is determined from its volume, and the geometric parameter
Ry is identified using the graphical method shown in Fig. 7(b). Here, the stiffness ko is
calculated by fixing the mass m; and applying a prescribed displacement to ms for a given
R,. Finally, R, is determined from its volume, and the geometric parameter H, is identified
using the graphical method shown in Fig. 7(c). In this case, the stiffness k; is calculated by
fixing the substrate and applying a prescribed displacement to m; for a given Hj.

We then discuss the dispersion curves, mode shapes, and the effect of damping on the
discrete and continuous models. The dispersion curves of the analytical model (orange) and
the continuous model (purple) are illustrated in Fig. 8(a), with corresponding mode shapes
shown in Figs. 8(b) and 8(c), respectively. Asshown in Fig. 8(a), within the frequency range
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Figure 8: (a) Dispersion curves of the EDM with an array of triple damped resonators for 7o = n3 = 0. The
gray curves are dispersion curves of bulk waves from unit cell analysis, whereas purple curves (continuous
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Table 2: Parameters of local resonators.

Mass of resonator | Value (kg) | Stiffness of resonator | Value (N/m)
my 989 k1 3.98 x 107
ma 1128 ko 6.58 x 10°
ms 1890 ks 4.17 x 108

Table 3: Geometrical parameters of the local resonators.

Parameters a Ly Lo H, R Ry Rs Ry
Length (m) | 2.00 | 1.00 | 1.00 | 0.05 | 0.475 | 0.375 | 0.325 | 0.225

of interest, two bandgaps are generated by the local resonators ms and mgs. In contrast, the
resonance frequency of my is well above 25 Hz, placing the bandgap associated with this
resonator significantly outside the frequency range of interest.

For different combinations of loss factors 7y and n3 (0.3, 0.6, and 0.9, respectively), Figs.
8(d-f) show that loss factor 7, affects the resonance at higher frequencies, whereas loss factor
73 affects the resonance at lower frequencies. Increasing the loss factors 7y or 73 significantly
broadens the peaks in imaginary parts, and simultaneously increasing both factors links
those two imaginary peaks, enabling broadband attenuation of Rayleigh waves in EDMs.

4.2. Effective model

Now, we turn to describe the behavior of the effective mass meg and effective damping
ceff, Which can be utilized to quickly predict the dispersion curves and the decaying behavior
of Rayleigh waves in EDMs. In Fig. 9, the resonance of two inner resonators induces two
sharp peaks and two sharp valleys in the effective mass when damping is small. At these
valleys, the effective mass becomes negative. Negative mass regions are not perfectly aligned
with the bandgap regions in the dispersion curves but are very close due to the influence
of bulk waves. Consequently, the bandgaps in the dispersion curves can be approximately
predicted by identifying the negative mass region under low damping conditions. As damping
increases, it broadens the width and reduces the height of c.g peaks, as shown in Fig. 9.
The width of both peaks increases with an increment in either 7y or 73, as depicted in Figs.
9(a-b). Notably, 7 significantly broadens the higher frequency peak while only slightly
affecting the lower frequency one. On the other hand, n3 predominantly contributes to the
broadening of the lower frequency peak. When both 7, and 73 are large, the c.s peaks
merge, forming a continuous response over a broad frequency range (5 to 25 Hz). When
compared with Fig. 8, the influence of c.g¢ mirrors its effect on the imaginary component of
the dispersion curves, particularly when damping is significant. Therefore, effective damping
ceff can quickly predict the imaginary part of the dispersion curves and the decaying behavior
of Rayleigh waves in EDMs.

4.8. Transmission analysis in the frequency domain

The imaginary component of the dispersion curves governs the decaying factor of Rayleigh
waves within the EDMs. If the Rayleigh waves decay rapidly, the transmitted wave is min-
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Figure 9: Effective mass and effective metadamping coefficient of EDM lattice system with three resonators
with different loss factors: (a) n2 = 0.1,0.3,0.6,0.9; n3 = 0.0, (b) n3 = 0.1,0.3,0.6,0.9; 2 = 0.0, and (c)
n2 =13 = 0.1,0.3,0.6,0.9.

imal. However, this factor alone is insufficient to quantitatively predict the transmitted
wave, as it does not account for the presence of scattered waves. Therefore, we analyze the
FRF in the frequency domain to obtain the effect of damping on transmitted waves. In Fig.
10(a), the first stopband widens as loss factor 7, increases, but the attenuation amplitude
initially increases before subsequently decreasing. In Fig. 10(b), a high-frequency stopband
rapidly forms, significantly enhancing wave attenuation, though low-frequency attenuation
diminishes with increasing 73. When 7, and 73 increase simultaneously, all bands merge to
form a complete stopband (see Fig. 10(c)).

Figure 10(d-g) depicts the scattering fields of an incident Rayleigh wave at various fre-
quencies (6 Hz, 15 Hz, and 23 Hz) for different EDM loss factors. It can be observed that
after passing through the non-dissipative metasurface (7 = 13 = 0), the Rayleigh wave
shows a significant reduction in transmission at 6 Hz and almost zero transmission at 15
Hz, confirming the effectiveness of the EDM in regulating low-frequency Rayleigh waves at
sub-wavelength scales (see Fig. 10(d)). With EDMs (72,73 > 0), Rayleigh waves can still
propagate through at 6 Hz, but large loss factors significantly reduce transmission (see the
left panels of Figs. 10(e-g)). Unlike a non-dissipative metasurface, which directly scatters
off the incident Rayleigh wave at 15 Hz, the EDM interacts with the incident wave and dis-
sipates the energy. This phenomenon is clearly observed in the middle panels of Fig. 10(g).
However, higher damping results in less energy dissipation within the EDM and greater
conversion of Rayleigh waves to bulk waves at 23 Hz, thereby increasing transmitted energy
(see the right panels of Figs. 10(e-g)).

This FRF analysis aligns with the equivalent model predictions in Fig. 9, demonstrating
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Figure 10: The EDM wave scattering field of the actual structure with three resonators cavity and the
FRF under different loss factors: (a) 7o = 0.3,0.6,0.9,1.2; (b) n3 = 0.3,0.6,0.9,1.2; and (¢) 2 = n3 =
0.3,0.6,0.9,1.2. The wave scattering field of an incident Rayleigh wave at frequencies of 6 Hz, 15 Hz, and
23 Hz, with loss factors (d) n2 = n3 = 0.0, (e) 2 =n3 = 0.3, (f) n2 = n3 = 0.6, and (g) 72 = n3 = 0.9. The
color scale indicates the elastic strain energy density level.

the EDM’s effectiveness at sub-wavelength scales. These findings indicate that 7, primarily
affects the low-frequency stopband, while 13 primarily affects the high-frequency stopband.
Their combined effect achieves significant wave energy absorption and stopband formation

over a broad frequency range, ensuring the broadband absorption required for low-frequency
vibration isolation.

5. Rayleigh waves in media with spatially slow-varying EDMs and their appli-
cations

5.1. Rayleigh waves in spatially slow-varying EDMs

In previous sections, we developed a theoretical framework for describing Rayleigh waves
by incorporating a uniform EDM composed of local resonators. However, a uniform arrange-
ment often leads to significant wave reflection and bulk wave scattering, especially near the
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Figure 11: Principle of the adiabatic evolution of Rayleigh waves within a spatially slow-varying damping
system. (a) Schematic diagram illustrating surface wave propagation in a spatially slow-varying EDM. (b)
Variation of the side length of the resonator [ as a function of the normalized spatial coordinate ¢ = a/W.
(c) The real part of the dispersion surface for Rayleigh waves overlaid with frequency planes corresponding
to excitation frequencies of 10 Hz (purple) and 18 Hz (orange). (d) Curves representing the intersections
of the frequency planes and the real part of the dispersion surface are depicted in (c). (e) The imaginary
part of the dispersion surface for Rayleigh waves, with frequency planes at excitation frequencies of 10 Hz
(purple) and 18 Hz (orange). (f) Curves showing the intersections of the frequency planes and the imaginary
part of the dispersion surface described in (e).

resonant frequency. These reflected Rayleigh waves and scattered bulk waves may give rise
to unexpected issues in engineering applications, such as in surface acoustic wave devices.

To address this issue, we propose a spatially slow-varying EDM that acts as a perfect ab-
sorber for broadband Rayleigh waves, functioning as a "rainbow surface absorber” (see Fig.
11(a)). Adiabatic conditions are essential in this design to ensure smooth wave propagation,
minimizing reflections and scattering caused by abrupt variations in resonator properties.
In this section, we first conduct a local unit cell analysis and explain its application for
predicting wave propagation in the spatially slow-varying system [64, 63, 66, 73]. We then
verify the wave behavior predicted from this analysis in both the frequency domain and time
domain. Finally, we design a boundary absorber and a Rayleigh wave amplitude modulator
based on these results. Here, single-resonant EDMs are used for verification, as shown in
Fig. 1(a), but the paradigm is the same as that for multi-resonant EDMs.

In Fig. 11(a), we present a schematic diagram illustrating wave propagation in a spatially
slow-varying EDM on a semi-infinite substrate. The EDM comprises 100 resonators to
guarantee adiabatic conditions, which will be validated a posteriori. The side width of
resonators increases from 0.2 m to 0.7 m as x varies from 0 to W = 200 a, as illustrated in Fig.
11(b). Under the adiabatic conditions, the Rayleigh wave propagates without scattering, as
shown in Fig. 11(a). However, along the z axis, the wavelength A = 27 /k is no longer a
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constant. The wavenumber k(¢) becomes a function that changes continuously from left to
right, and k(¢) at normalized position ¢ = z/W can be determined by performing the local
unit cell analysis.

For the local unit cell analysis, we first obtain the dispersion surface, a function of k(f, ¢),
of the Rayleigh wave by sweeping ¢ and f. The real and imaginary parts of this function are
shown in Figs. 11(c) and 11(e), respectively. We then plot frequency planes at 10 Hz and
18 Hz (purple for 10 Hz and orange for 18 Hz). The intersection of these frequency planes
and the dispersion surfaces provides the wavenumber function k(¢), as shown in Figs. 11(d)
and 11(f). The real part of wavenumber Re(k(¢)) in Fig. 11(d) and the imaginary part
of wavenumber Im(k(¢)) in Fig. 11(f) determine the local wavelength and decay factor at
position x in Fig. 11(a). After obtaining the wavenumber function k(¢), the evolution of
the Rayleigh wave can be predicted by the adiabatic theorem. If the initial eigenvalue, the
wavenumber k of the Rayleigh wave, is excited with a frequency of 10 Hz (see the purple
dot in Figs. 11(d) and 11(f) with ¢ = 0), the Rayleigh wave will propagate from left to right
without mode conversion. The local wavenumber and decay factor will follow the purple
curves in Figs. 11(d) and 11(f).

5.2. Numerical verifications of Rayleigh waves in spatially slow-varying EDMs

Now we turn to the discussion of Rayleigh wave behavior in the frequency domain. The
frequency domain response of the structure depicted in Fig. 11(a) at 10 Hz (top panel) and
18 Hz (bottom panel) is presented in Fig. 12(a). We observe that the Rayleigh wave decays
along the x axis, with no observable bulk wave, reflected wave, or transmitted wave, thereby
qualitatively verifying that the adiabatic condition is satisfied. The resulting Rayleigh wave
will propagate undisturbed until being fully dissipated by EDMs.

To quantitatively analyze the evolution of the Rayleigh wave, the real part of displace-
ment field w at z = 3 m is plotted in Figs. 12(b) and 12(d) for excitation frequencies of
10 Hz and 18 Hz, respectively. To extract the local wavenumber at various positions, we
perform a wavelet transformation on the data presented in Figs. 12(b) and 12(d), which
are displayed in Figs. 12(c) and 12(e). The wavenumber remains almost invariant along
the x axis, with the normalized central wavenumber close to 0.7 at 10 Hz and 1.2 at 18
Hz, aligning well with the results in Fig. 11(d) from local unit cell analysis. To extract the
decay factor Im(k) at different positions, we use the following

Im(k(x)) = dix In (%) : (23)

where |w(z)| is the magnitude of w displacement field at z = 3 m, |w(0)| is the magnitude
of w displacement at z = 3 m and x = 0 m, and the derivative is calculated by the finite
difference method.

5.8. Applications of spatially slow-varying EDMs

The decay factors for the Rayleigh wave at excitation frequencies of 10 Hz and 18 Hz
are shown in Fig. 12(f). At 10 Hz, the decay factor is small and increases slowly when
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Figure 12: Verification of adiabatic evolution of Rayleigh waves in the frequency domain. (a) Frequency
response of the Rayleigh wave under excitation from Eq. (18) at frequencies of 10 Hz (top panel) and 18 Hz
(bottom panel). (b) The real part of vertical displacement distribution w along the cross-section at z = —3
m, shown in the top panel of (a). (c) Wavelet transforms of the data from (b). (d) The real part of vertical
displacement distribution w along the cross-section at z = —3 m, depicted in the bottom panel of (a). (e)
Wavelet transforms of the data from (d). (f) Local wavenumber function in relation to the normalized spatial
coordinate ¢. (g) Energy ratios of the reflected Rayleigh wave, transmitted Rayleigh wave, transferred bulk
wave, energy dissipation within the EDM, and the total incident Rayleigh wave energy.

¢ < 0.5, but rises rapidly and becomes significant when ¢ > 0.5. At 18 Hz, the decay
factor increases to 0.2 after a short distance ¢ = 0.2, and then remains constant, indicating
exponential decay when ¢ > 0.2. In addition, it can be observed that the decay factors in
Fig. 12(f) agree well with those in Fig. 11(f), demonstrating that the decaying behavior
of Rayleigh waves can be precisely predicted by a local unit analysis. It is important to
note that the agreement between frequency response and unit cell analysis is valid only
for systems that satisfy the adiabatic conditions. This coincidence verifies that the system
satisfies the adiabatic conditions a posteriori. The resulting perfect energy dissipation proves
its potential as a broadband Rayleigh wave absorber. As shown in Fig. 12(a), the Rayleigh
wave is perfectly absorbed by the slowly varying EDM at both 10 Hz and 18 Hz. Finally, we
perform an energy analysis of this system. The energy ratios for different waves at various
frequencies are calculated as per the method in Section 2, shown in Fig. 12(g). From 9 Hz
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Figure 13: Verification of adiabatic evolution of Rayleigh waves in the time domain: (a) At 10 Hz. (b) At
18 Hz.

to 22 Hz, the energy ratio absorbed by resonators equals the incident energy ratio, while
the energy ratios of other waves remain zero. Thus, this Rayleigh wave absorber operates
perfectly over a broad frequency range.

Next, we turn to discussing the Rayleigh wave behavior in the time domain. For the
excitation frequencies of 10 Hz and 18 Hz, the corresponding time evolution processes from
initial time 0 to end time ¢, are shown in Figs. 13(a) and 13(b), respectively. A Rayleigh
wave in the time domain is excited by a distributed line displacement load at x = 0 with
the profile

u= (re "+ 2sqe”"7) g(t), (24a)

o(t- 7). (24)

where g(t) is a 10-cycles tone-burst signal defined as g(t) = H ( — E> [1— cos (2”—’%)} sin(27 ft)

—kqz ) —ksz

9N
~—

w:q(re

7 10

with excitation frequency f = 10 Hz, and H(t) is the Heaviside step function. In Fig. 13, we
observe that the Rayleigh waves decay gradually without generating any reflected Rayleigh
waves or scattered bulk waves at both frequencies. This verifies that our system can function
as an effective Rayleigh wave absorber. Additionally, the wavelength of the Rayleigh wave
remains nearly constant across different positions, consistent with the results shown in Figs.
11(c) and 11(e). The Rayleigh wave decays slowly at 10 Hz and rapidly at 18 Hz, but in
both cases, it fully decays upon reaching the right boundary.

Based on the previous results of Rayleigh wave propagation in spatially slow-varying
EDMs, we propose two applications. The first application is a boundary absorber designed
for surface acoustic wave (SAW) devices. In traditional SAW devices, interdigital transducers
generate and receive Rayleigh wave signals, but reflected Rayleigh waves from boundaries
can adversely affect device performance. To mitigate these unwanted reflected waves, two
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Figure 14: Application of spatially slow-varying EDMs as a perfect boundary absorber and a Rayleigh wave
amplitude modulator. (a) Variation of the side length of the resonator ! as a function of the normalized
spatial coordinate ¢ for a boundary absorber (left) and an amplitude modulator (right). (b) Frequency
response of the boundary absorber (top) and the amplitude modulator (bottom) under excitation described
by Eq. (18) at a frequency of 10 Hz. (c) In the left (right) panel, the real part of vertical displacement
distribution w, along the cross-section at z = —3 m of the boundary absorber (amplitude modulator), shown
in the top (bottom) panel of (b).

space-varying EDMs, each consisting of 100 unit cells, are aligned in opposite directions. The
function of side length [ with respect to the normalized spatial coordinate ¢ for a boundary
absorber is shown in the left panel of Fig. 14(a), where | = 0 means no resonators are
attached. According to the previous results, the Rayleigh wave can be perfectly absorbed
at the boundaries over a broad frequency range. To verify the results, we perform the FEM
analysis in the frequency domain. A displacement load described in Eq. (24) is applied in
the middle. For a 10 Hz excitation, the 2D frequency response is depicted in the top panel in
Fig. 14(b), and the displacement field at z = 3 m is described in the left panel of Fig. 14(c).
The results demonstrate that the Rayleigh wave is absorbed effectively at this frequency.
The second application is a Rayleigh wave amplitude modulator, which features a cone-
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shaped EDM attached to the center of the substrate. The function of [ with respect to ¢ for
the Rayleigh wave amplitude modulator is shown in the right panel of Fig. 14(a). The same
loading is applied on the left side of the substrate. For an excitation frequency of 10 Hz, the
2D frequency response is shown in the bottom panel of Fig. 14(b), and the displacement
field at z = 3 m is illustrated in the right panel of Fig. 14(c). Here, the maximum side
length [ is set to a small value of 0.3, so the Rayleigh wave cannot be completely attenuated
to zero but can be reduced to a finite value. By adjusting the maximum value of [, different
output amplitudes of the Rayleigh wave can be achieved. Additionally, the introduction
of active devices can enable time-dependent adjustments of stiffness, mass, and damping,
allowing for real-time modulation of the Rayleigh wave.

6. Conclusion

In this study, we propose a novel EDM to effectively mitigate low-frequency broadband
Rayleigh waves and their scattered components. Initially, we incorporate a single resonator
array within the EDM to achieve Rayleigh wave mitigation over a narrow frequency range.
However, the introduction of the EDM induced scattered waves and energy dissipation,
prompting us to develop a comprehensive energy analysis framework to quantify the con-
tributions of each wave component. This analysis provides critical insights for optimizing
EDM design and improving wave control strategies.

To extend the applicability of EDMs, we integrate multiple resonators into the design,
achieving subwavelength-scale broadband Rayleigh wave mitigation across low frequencies.
The incorporation of spatially slow-varying EDMs further eliminates scattered waves, en-
abling perfect Rayleigh wave absorption over a broad frequency range. To address the ab-
sence of established theories for such systems, we develop a local unit cell analysis method
grounded in the adiabatic theorem. This method facilitates precise predictions of wave
behavior, unlocking innovative design opportunities such as perfect rainbow absorbers and

Rayleigh wave modulators. Fe-address-broader-apphieations—we-extend-the-designto-ineo

Despite these advancements, challenges remain. For instance, achieving perfect rainbow
absorption under adiabatic conditions often requires a large number of resonators, leading
to material inefficiency. Although the adiabatic condition is not strictly necessary, alterna-
tive approaches such as the theory of shortcut to adiabaticity [73, 80] could mitigate these
constraints. Furthermore, determining the minimal EDM length required for perfect absorp-
tion beyond adiabatic conditions poses an open question. For perfect absorption beyond the
adiabatic conditions, an absorption inequality suggests that the EDM length must exceed
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a certain threshold determined by a length function related to the resonator parameters,
based on the principles of causality and the Kramers-Kronig relationship [81, 82]. Absorp-
tion inequalities derived in acoustics and electrodynamics suggest a lower bound related to
resonator parameters, but their adaptation to surface wave systems remains unexplored and
warrants further study.

In conclusion, this study establishes a foundation for the practical application of EDMs
in wave mitigation and provides a pathway for future research to refine these systems for
enhanced efficiency and broader applicability.
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ss Appendix A

506 The resultant of two polynomials f(z) = a,a™ + - -+ ag, g(x) = bpx™+ -+ -+ b, a, # 0,
sor b, # 0, n >0, m >0 equals to the determinant of their Sylvester matrix, namely

Res(f, g) = det[Syl(f, g)],

ses  where Sylvester matrix of two polynomials f, ¢ is defined by

(a,, apn-1 Qapn—o -+ 0 0 07
0 a, a1 --- 0 0 O
0 0 0 - a a9 O
o 0 0 0 st Q9 a1 Qg
R N S S
0O bnw by --- 0 0 0
0 0 0 - by by O
| 0 0 0 -+ by b byl
s9  where a,,...,aq are the coefficients of f and b,,, ..., by are the coefficients of g.
600 The resultant can be used to solve polynomial equations. For equations

5x% — 6xy + 5y — 16 = 0,
22 — (1+y)x+y* —y—4=0.

601 We define polynomials f(z) = 5z% — 6xy + 5y* — 16, g(z) = 22° — (1 +y)z +y* —y — 4.
s2 Then we eliminate variable x, and we have

5 —6y 5y% — 16 0
10 5 —6y Sy? —16 | 9
Res(F.9) =1y _(14y) y2—y—1a o | =R =2 -Dy+1)"
0 2 —(14+y) y?*—y—4
603 The vanishment of resultant gives the solution y =2, ory =1, or y = —1.
604 When y = 2, the original equations are reduced as
S5a% — 122 +4 = 0,
202 — 32z —2 =0,
s with the root of x = 2. Similarly, the root z = —1 for y = 1 whereas the root z = 1 for
606 Y = —1.

607
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Appendix B: Second-Order Formulation of the System

The second-order governing equations for the longitudinal and transverse components
of the system, as well as the surface dynamics, are presented here to describe the wave
propagation behavior.

1. Longitudinal component (p(z,z))
The longitudinal wave component is governed by:

8290 w2
k()04 =0
9.2 ($)90+C%90 ,

where k(z) represents the local wavenumber and ¢y, is the longitudinal wave velocity.

2. Transverse Component (VY (x,z))
The transverse wave component satisfies:
0%

2 w?
@—k(x)l/ﬂrgiﬁzoa

where cr is the transverse wave velocity.

3. Surface Dynamics (ui(x))

The surface displacement dynamics, incorporating gradient mass and damping effects, is
described by:

dp(z,0)

— et (T)wuy () Ficep(x)wuy () +ky (7) (14 46;) [ul(x) -5,

—ik(z)y(z,0) — 0 (z, 0)} =0.

4. Boundary Conditions
At the surface z = 0, the longitudinal and transverse components are coupled through:

—)\k(m)ng(x,O)+2m’k(z)w+0\+2u)8 gf; 0 _ klé“") (ul(x) - —a“pgi’ 0 _ ik(x)w(:v,O)) ,
(k(2)¢(,0)), + 2% ~ h(x)(x, 0) + 22'1{(3;)89"(82’ 0) _9 zg(; 0 _o.

These equations fully describe the second-order dynamics of the system.

Appendix C: Verification of the Adiabatic Condition for the Designed Metasur-
face with First-Order Formulation of the System

To analyze the mode coupling and verify whether the designed metasurface satisfies the
adiabatic condition, the system is reformulated as a first order differential equation about
space.
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e 1. Longitudinal Component (p(z,z))

632 Introduce auxiliary variables for the longitudinal component:
I
b, = by, = —.
1= ¢, 2= 5,

633 The second-order equation becomes a set of first-order equations:

8@1 8@2 2 U)2
0z 2 02 ()" 2 !

e 2. Transverse component (Y (z,z))

635 Similarly, for the transverse component:
oY
Uy = Uy = —.
1 ¢7 2 82
3 The first-order formulation is:
8\1’1 8\1’2 2 w2
— = — =k(2)*V, — —V,.
0z 92 ()0 % !

e 3. Surface Dynamics (uy(x))

Quy .

638 Introduce Uy = G-

3u1

— = U,.

Ox ’
30 The surface dynamics can then be expressed as:

ol _ ! —ice(x)wuy (x) — k() (1 4 idy) <U1 (z) —

Jr meg(x)

dp(x,0)

z

. ik(@w(x,())ﬂ .

sa0 4. Matrix Formulation

641 Combine all variables into a state vector:

s2 then the governing equation for the wave propagation in the elastic half-space can be written

643  AS.
X

— = A@@)X
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where A(z) is the system matrix:

1 0 0 0 0
k(z)? — w—L 0 0 0 0 0
0 0 0 1 0 0
A pu—
(=) 0 0 k@?-% 0 0 0 |’
T

0 0 0 0 0 1

L Al@) Rl file)  fale) f5(@) fe(@)]

where f1(z), fo(z), ..., fe(x) encode the coupling between surface, longitudinal, and trans-

verse dynamics.Here, k, = i is the wavenumber of Rayleigh waves, and cg is the Rayleigh
wave velocity. To evaluate the mode coupling, we compute the spatial derivative of the

system matrix %—‘: as follows:
0A . Az + Az) - A(x)
or A, A ~ (25)
For numerical calculations, we use the finite difference approximation:
A A dr) — A
0A - (x + dx) (x) (26)

ox dx '

where dx is a small perturbation. The eigenvalues \; and eigenvectors v; of the system
matrix satisfy:

Using numerical methods, we extract the eigenvalues and eigenvectors to analyze the system
behavior.

5. Adiabatic Condition

The adiabatic condition can now be analyzed based on the following criteria. The eigen-
value variation must satisfy:

O\
Ox

The mode coupling coefficient should satisfy:

< A7

(vil g |vs)

Ci': 5
A WY

These conditions ensure that the system remains adiabatic, with minimal scattering be-
tween modes. The computed mode coupling coefficients Cj; are visualized using a heatmap,
as shown in Fig. 15. The calculation results confirm that this is an efficient adiabatic system
with a heatmap of off-diagonal elements significantly smaller than 1. Rayleigh waves propa-
gate smoothly without significant scattering or mode conversion, validating the effectiveness
of metasurfaces as wideband Rayleigh wave absorbers.
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Figure 15: Mode coupling coefficients |C;;| visualized as a heatmap. A system satisfying the adiabatic
condition should exhibit near-zero off-diagonal elements.

Appendix D: Energy Distribution Analysis with Normalized Incident Energy

Figure 16 presents the normalized energy distribution of different wave components,
reflected Rayleigh wave (R), transferred bulk wave (B), transmitted Rayleigh wave (T),
resonator absorption (L), and incident wave (I) at different frequencies f for a given loss
factor 7.

Consistent with the conclusions in Fig. 4, we observe that the energy conversion patterns
of the Rayleigh waves remain similar after interaction with the metasurface structure. In
the non-dissipative metasurface case (Fig. 16(a)), transmission energy significantly decreases
within the bandgap frequency range, with most energy converting into bulk waves and re-
flections. This result is fully consistent with the bandgap dispersion analysis in Fig. 2(a),
further demonstrating that the energy flux analysis effectively reveals wave transformation
patterns and the energy distribution. As the loss factor increases (Figs. 16(b)-(c)), the ab-
sorption of the resonator becomes more pronounced, leading to enhanced energy dissipation
and a redistribution of wave energy among different components. The comparison across
different damping conditions highlights the transition of energy from transmitted waves to
dissipation through the resonators. These results are consistent with the observations in
Fig. 4, confirming that the metasurface effectively converts Rayleigh wave energy through
reflection, bulk wave transformation, and resonator absorption.
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Figure 16: The energy (E) normalized by the incident energy is categorized as reflected Rayleigh wave
(R), transferred bulk wave (B), transmitted Rayleigh wave (T, resonator absorption (L), and incident wave
(I) with respect to different loss factors and different frequencies. S, S, Ss3, and Sy are the regions for
calculating the energy of reflected Rayleigh wave, transmitted Rayleigh wave, bulk waves, and absorption
by the EDM.
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